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Introduction. 

One of the most important branches of the theory of integral equations is connected 
with the problem of representing a function as a series of normal functions, 
Hilbert # and Schmidt/I" who made the earliest contributions, have been able to 
obtain sufficient conditions under which an assigned function may be expanded in 
terms of a system of normal functions belonging to a symmetric characteristic 
function (kern). These conditions are narrow in respect to the nature of the function 
which may be expanded, but they have the advantage of applying to very general 
systems of normal functions. They apply, in particular, to the expansion of a function 
in both the sine and cosine series of Fourier. It is in the light of our knowledge of 
the properties of the latter series that the narrowness above referred to becomes 
evident. In point of fact, the Hilbert-Schmidt theory is only applicable to Fourier's 
series corresponding to a function which has a continuous second differential coefficient 
in (0, tt), and which furthermore satisfies certain boundary conditions at the end 
points of the interval For example, in the case of the sine series, the function must 
vanish at both end points. It would appear, therefore, that the wide generality as 
to the system of normal functions is obtained at the cost of the generality of the 
function which it is desired to represent. 

Later memoirs by Kneser and HobsonJ have made it abundantly clear that, by 
restricting the nature of the system of normal functions, results may be obtained in 
regard to the representation of very much wider classes of functions than were 

* <Gott. Nachr.' (1904), pp. 71-78. 
t ' Math. Ann.,' vol. 63, pp. 451-453. 

I See also A. C. Dixon, * Proc. Lond. Math. Soc.,' series 2, vol. 3, pp. 83-103. 
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contemplated by Hilbert and Schmidt. Kneser's paper # is of importance as 
marking the first step in this direction, but his results are far less general than those 
obtained by Hobson and published last year in the ' Proceedings of the London 
Mathematical Society. ? f As one of many interesting applications of a general 
convergence theorem, the latter^ has been able to show that any Stumn-Liouville 
series corresponding to an assigned function converges at a point, provided that the 
function has a Lebesgue integral in the interval of representation, and is of limited 
total fluctuation in an arbitrarily small neighbourhood of the point in question. 
Taken in conjunction with other results of a similar kind, this cannot fail to suggest 
the possibility of extending most of the well-known theorems on Fourier's series to 
the whole class of Sturm-Liouville expansions. It is the purpose of this memoir to 
show that all the more important theorems are capable of this extension. 

It will not be necessary to give here a detailed account of the results obtained, 
seeing that those of importance have from time to time been summarised as formal 
theorems printed in italics. It may, however, be useful to say a few words as to the 
plan on which the memoir has been written. The first section is devoted to the proof 
of two theorems of convergence which find repeated applications in the sequel. In 
§4 of the second, a theorem relative to the expansion of a function as a series of 
normal functions is established. The theorem has reference to a very wide class 
of expansions. The only obstacle which can hinder its application in any given case 
is the difficulty of determining an asymptotic formula for the solving function K x (s, t), 
when X is negative and numerically large. At the commencement of the third section 
a formula of this kind is obtained which makes it possible to apply the theorem to 
what I have called canonical Sturm-Liouville series (III., § 20). The latter portion 
of the section is devoted to this application. The results obtained are extended so as 
to apply to the most general form of Sturm-Liouville series. The fourth, and 
remaining, section is given up to a discussion of questions of convergence. It is here 
that the properties of orthogonal functions, proved in the latter half of the second 
section, find their application. 

In conclusion, I may say that in later memoirs I hope to further develop the ideas 
which have here been made use of. With such modifications as are necessary from 
the fact that the characteristic function is no longer limited, I hope especially to apply 
them to expansions in Legendre's and in Bessei/s functions. 

I. — The Theorems of Convergence, 

§ 1. In the following pages we shall find it necessary to make frequent use of two 
theorems of convergence. These properly belong to the general theory of series (or 

* ' Math. Ann./ vol. 63, pp. 477-524. . 
t Series 2, vol. 6, pp. 349-395. 
X Pp. 386-387. 
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sequences), and, apart from their applications, have no connection with the theory- 
developed below. It will, therefore, be convenient to enunciate and prove them at 
the outset. 

The first theorem is : — 

Let g (s, n) be a function defined for all values of s in the interval (a, b), and for a 
set of values of n which have + oo for an improper limiting point. Let this function 

be such that (1) the upper limit of \ g (s, n) \ is a finite number g y and (2) g (s, n) ds 

exists as a Lebesgue integral for each value of n. Let g(s> n) be related to a limited 
function, g (s), defined in (a, b) in such a way that 

Km g (s, n) == g (s) 

either at each point of (a, b) or at those points of (a, 6) which do not belong to a 
certain set of zero measure. Then x if f(s) is any function ivhich possesses a Lebesgue 
integral in (a, 6), ive have 



Km 



n ->- oo 



b rb 

9 (*» n )f( s ) ds = \ 9 i s )f( s ) ds - 



To prove this, let us take any positive number 77. Let us denote by j n the set of 
points of (a, b) at which 

\g(s,n)-9(s)\>V* 

and by J n the set complementary toj n . Then we have 

( 9 (*> n )f( s ) ds ~ ( 9 ( s )f( s ) ds = f . + ( [9 (*> n )-9 («)]/(«) ds. 
The numerical value of the first integral is evidently not greater than 

(0+flOf \f(*)\ d *> 

Jjn 

where g f is the upper limit of \g(s)\ in (a, b) y and the numerical value of the second 
is not greater than 

v\ \f( s )\ ds > 
which is not greater than 

V] \f($)\ ds - 

J a 

We thus have the inequality 

C 9(s> n )f(s) ds ~\ 9( s )f( s ) ds =£(0+flO( \A 8 )W* + y\'\f(s)\ds. 

* It should be observed that, in virtue of its relation to the functions g (s, n), g (s) is summable, and that 
j n is therefore measurable. 
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Now, if e is an arbitrarily assigned positive number, we can choose 77 so small that 



V I f( s ) I ds < h- 

J a 



Further, the measure of j n tends to zero when n increases indefinitely, in virtue of 
our hypothesis as to the relation between g (s, n) and g (s) ; hence 



lim 



?i-$»~ 00 



f(s) I ds = 0. 



]" 



We can, therefore, find a number N such that 



(9+9') l/(*)l<fc<ite 

for all values of n >: N. It follows that, for n 5: N, 



"b rb 

g(s,n)f(s)ds-\ g(s)f(s)ds 



a 



a 



<€ ; 



which establishes the theorem. 

§2. A theorem corresponding to that of the preceding paragraph holds for 
functions of two or more independent variables. The proof in each case follows the 
same lines as that which has just been given. It will, therefore, be sufficient to state 
the theorem for two independent variables : — 

Let g (s, t, n) be a function defined at all points of the square , Q, which consists of 
the points for which a^s^b, a^t^b, and for a set of values of n which have + oo 
for an improper limiting point. Let the function be such that (1) the upper limit of 

\g(s,t,n)\ is a finite number g, and (2) g (s, t, n) (ds dt) exists as. a Lebesgue 

integral for each value of n. Let g (s, t, n) be related to a limited function g (s, t) 
defined in Q in such a way that 

lim g (s, t, n) = g (a, t) 

either at each point of Q, or at those points of it which do not belong to a certain set 
of zero measure. Then, iff(s 9 1) is any function which possesses a Lebesgue integrcd 
in Q, we have 



l ti J 9 (*. *. w) /(*, t) (ds dt) = j g (s, t) f(s, t) (ds dt). 



If f(s) possesses a Lebesgue integral in (a,b), f(s)f(t) possesses a Lebesgue 
integral in Q. It follows that, with the hypothesis of the theorem just enunciated, 



lim 



9 '(s, t, n) f(s) f(t) (ds dt) = g '(*, t) f(s) f(t) (ds dt). 

(Q) J(Q) 
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§ 3. The second theorem, to which reference was made above, is : — 
Let g (s, t, n) be a function defined at all points of the rectangle, R, which consists 
of the points for which a x < s :< 6 1? a < t ■ ^ b, and for a set of values ofn which have 
+ oo for an improper limiting point. Let this function be such that (1) the upper 

limit of ] g (s, t, n) | is a finite number g, and (2) g (s, t, n) dt exists as a Lebesgue 

integral for all values of s and n. Let g{s,t,n) be related to a limited function 
g (s, t) defined in R in such a way that, as n tends to c» ? g [s, t, n) converges uniformly 
to g(s,t) either in the whole of R, or, for each positive number yj, in those parts of it 
which correspond to 

«— a w s— /J m | 2: r)> (m = 1, 2, ..., M), 



where the numbers a x , a 2 , ..., a M are all finite. Then, if ' f(t) is any function %vhich 
has a Lebesgue integral in (a, b), 



9 (s, *, n ) '/(t) dt 



•> a 



converges uniformly to 



g{s,t)f(t)dt, 

J a 



for a < c < b, a x < s < b x , as n tends to 00. 

In the first place, let us assume that g (s, t, n) converges uniformly to g (s, t) in the 
whole of R. When any positive number e is assigned, we can then choose N great 
enough to ensure that at each point of R 



for all values of 



n 



9 (s, t, n)-g (s, t)\ < e / j | f(t) \ dt 



N. From this we see at once that 



re 



a 



g(s,t,n)f(t)dt- g{s,t)f{t)dt <e| \f(t)\dt \ \f(t)\dt, 

«' a J a / J a 



that is to say, 



<€, 



for a s c < b, a Y < s < b x , and n >: N. The theorem is thus proved for this case. 

More generally, let us suppose that, for each positive number rj, g (s, t, n) converges 
uniformly to g {s, t) in those parts of R which correspond to 

t-a m s~fi m \>y}, (m = 1, 2, ..., M) ; . ..... (1) 

then, selecting any value of yj, for each pair of values of c and s the points of 
a^t^c which do not satisfy all the inequalities just written lie in a set (j CfS ) 

Q 2 
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of intervals* whose number does not exceed M. Let I C|S be the greatest of the values 
of J | f(t) ) dt in the various intervals ofj cs . Clearly we have 



Jc, , 



'g{8 t t,n)-g{s t t)~\f{t)dt 



^(g+g f )MI CtS , 



where g' is the upper limit of | g (s, t) | in the rectangle It. Hence, if J cs is portion 
of the interval a^.t^c which is not covered by one or other of the intervals j e< s . 



g(s,t,n)f(t)dt-\ g(s,t)f(t)dt 

a J a 



Jfij s 



[g(s,t>n)-g(s,t)]f(t)dt 



+ (</ + </)MI c , s . (2) 



Now a Lebesgue integral is a continuous function of its upper limit ; hence, if e is 
an arbitrarily assigned positive number, we can choose r/ so small that the Lebesgue 
integral of | f(t) | in any interval of length 2t?, which lies in (a, b), is less than 



With this choice of r) we have 



2(g+g')M. 

(0+sOMi e> . < h 



for all values of c in (a, b) and of s in (a lf b t ), since I CjS is the value of 



\ i m 



dt 



in an interval of length not greater than 2rj, 

Again, in virtue of our hypothesis as to the uniform convergence of g (s 9 t, n), we 
can find a number N great enough to ensure that 

2 | f{t) ( dt 



a 



for all values of 5 and t satisfying (1), and for all values of n > N. Since the points 
of J c s satisfy (1) for each pair of values of s and c, we have 



tic, * 



[g(s,t,n)~g(s,t)]f(t)dt 



< e I | f(t) \dt J 2 



f(t) | dt, 



* a 



which is 



<i .- 
2 fc 



for all values of c in (a, b), of .9 in (a u 6 2 ), and of n >: N. It follows from (2) that, for 
these values of c, s, and n, 



f g (s, t, n) f(t) dt-\*g (s,t)f(t)dt 



< C, 



which establishes the general theorem. 



* These intervals may, of course, overlap. 
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As a corollary to this theorem it should be noticed that, with the same hypotheses. 



g(s,t,n)f(t)dt 



converges uniformly to 



a 



9 (*> /(«) dt > 



J a 



for values of s in (a l9 b 1 ) > as n tends to oo. 

§4. The theorem we have just proved, like that of § 1, admits of generalisation. 
On account of its importance in what follows, we state the theorem : — 

Let g(s 9 t 9 u 9 n) be a function defined at all points of the rectangular parallelopiped 9 
P, which consists of the points a 2 ^s^.b 29 a l ^t^b l9 a^u^b, and for a set of 
values of n which have + go for an improper limiting point, Let this function be 

* , . c b 

such that (1) the upper limit of \g (s 9 t 9 u 9 n)\ is finite, and (2) g(s 9 t 9 u,n)du 

Ja 

exists as a Lebesgue integral for all values of s 9 t 9 and n. Let g (s 9 1 9 u 9 n) be related 
to a limited function g (s 9 1 9 u) defined in the tvhole ofV in such a ivay that, as n tends 
to oo, g {s 9 1 9 u 9 n) converges uniformly to g (.<?, t, u) 9 either in the tvhole of P o?\ for each 
positive number 7) 9 in those parts of it which correspond to 

u—a m s—fi m t—y m \ ^Lrj 9 - (ra = 1, 2, ..., M), 

tvhere the numbers a m9 j3 m are all finite. Then 9 iff(u) is any function which has a 
Lebesgue integral in (a, b) 9 

g (s 9 1 9 u 9 n) f(u) du 

J a 

converges uniformly to 



g (s 9 1 9 u) f(u) du 



a 



for a ^ c < fe, a x s t S. b u a 2 ^s :£ & 2 , as n tends to oo. 
In particular, we see that 



g (s 9 1 9 u 9 n) f(u) du 



a 



converges uniformly to 



g (s 9 t 9 u) f{u) du 



a 



in the rectangle a x ^t^b l9 a 2 ^ss. b 2 . 

Again, let us suppose that a = a 2 , b = b 2 ; then, 
as n tends to oo, 

g (s 9 1 9 u 9 n) f(u) die 

J a 

converges uniformly to 

g (s 9 1 9 u) f(u) du 



writing c = s 9 we see that, 



a 
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for azss-dsb; a x ^St^b lt Also it will be seen, without difficulty, that 



g(s,t,u,n)f(u)du 



converges uniformly to 



J s 



rb 

g (s 9 t, u) f(u) du 



for these values of s and t. 

Retaining the hypothesis that a = a 2 , b = b 29 it is evident that 



t*8 



G (s 9 t 9 v 9 n) = g (s 9 t 9 u, n) f{u) du. 



being equal to 



V 



fs PV 

g (s, t 9 u, n) f(u) du— g (s, t 9 u 9 n) f(u) du 
a * a 



converges uniformly to 



G (s, t 9 v) = g (s 9 t 9 u) f(u) du 



V 



for a<5<6, a x ^t^b u a^v^sb. It follows at once that, as n tends to oq, 



•b rs 

dv 

a %j 



g (s 9 t, u, n) f(u) du 



V 



converges uniformly to 



for a<s< 6, a x :£ t < i 1# 



r»s 



a J v 



II. — General Theorems Relative to the Expansion of an Arbitrary 
Function as a Series op Normal Functions. Fundamental Properties 
of Systems or Normal Functions. 

§ 1. Let K(s 9 t) be a function of positive type defined in the square a < s :£ 6, 
ctTSt^zb. Let \fj x (s), \jj 2 (s), ..., \jj tl (s), ..., be a complete system of normal functions 
of ic(s,t) 9 corresponding to singular values X 1? X 2 , ..., X n , .... It has been shown # that 
the series 






+ ... jfn ( S ) & (J) | 

i^ • • • i^ i^ • • • 



is absolutely and uniformly convergent, and that its sum function is k (s, t). 
generally, the series 

& (f) & (0 + ^ (g) ^2 (t) + _ + & (f) $n (Q + _ 

Aj — A A.2 — A 



X n — X 



• » * * « 



More 



(i) 



* "Functions of Positive and Negative Type and their Connection with the Theory of Integral 
Equations/' ' Phil. Trans. Boy. Soc.,' A, vol. 209, pp. 439-446. 
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converges absolutely and uniformly, and has for its sum function K A (s, £), the solving 
function of k (s, t). 

Let f(s) be a function which has a Lebesgue integral in (a,b). Since (1) is 
uniformly convergent in the square a < s < 6, a-^t-^b, it is clear that the function 

g(s,t,n)= J M*)Mt) 

r = 1 A r — A. 

satisfies the requirements of the theorem of I., § 3, for these values of $ and £. We 
deduce that 

K K (s,t)f(t)dt= $ ±-— , (2) 

n =s 1 A n — A. 



and that the series on the right converges uniformly for values of s in (a, 6). 

It is easy to show directly that the series on the right of (2) is absolutely 
convergent. The result, however, follows at once from the fact that we have 
throughout left the order of the terms of the series arbitrary, which would otherwise 
have been impossible, by Riemann's theorem on derangement. 

§ 2. We may here digress to prove a slight extension of the Hilbert-Schmidt 
expansion theorem,* applicable when K(s,t) has the properties mentioned above. 
Writing X = in (2) we have 

f/c(M)/(0^= ^^^^(O/W*- • .... (3) 

J a n = l A, n J a 

Now, the function k (s> t) \p n (s)f(t) has a Lebesgue integral in the square a < s rS. &, 
a :£ t :£ b ; further, the repeated integrals 

'b r>b pb rb 

\\f n (s) ds k (s, t) f(t) dt J f(t) dt J k (s, t) $ n (s) ds 



a j a 



have a meaning. It follows from a known theorem t that the latter are equal ; and 
hence that, as « 

pb 
tyn (*) = K * (S, t) \fj n (s) ds, 



a 



g (t) tyn (t) dt = 1 f xjj n (t) /(<) dt, where g (s) = f ' #c (a, «)/(«) cfe. 
Supplying in (3) we see that 



g (s) = t ^ n (s) $ n («) gr (*) eft, 



n--l 



a 



* Hilbert, 'Gott. Nadir.,' 1904, pp. 73-75. Schmidt, 'Math. Ann.,' vol. 63, pp. 451-2. 
t Hobson, 'The Theory of Functions of a Real Variable ' (Cambridge, 1907), p. 582. 
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which is the result referred to. The series on the right is, of course, both absolutely 
and uniformly convergent. 

It will be recalled that a direct application of Schmidt's method of proof imposes 
narrower restrictions upon f(s) ; it breaks down, for instance, if [/(s)] 2 is not 
integrable in (a, b). 

§ 3. Returning to the formula (2), it is evident that 



-X 



K x (s,t)f(t)dt = 2 



X 



J a 



n 



= 1 X»—A. 



$n(s) j *M0/(0 d*. . . . . (4) 

J a 



This relation is true for all values of X, other than the singular values of k (s, t) 9 but 
in what follows it will not be necessary to consider values of X which are positive or 
zero. As the assumption that X is always negative will make our work somewhat 
simpler we shall adopt it throughout this section. 

We proceed to investigate the behaviour of the right-hand member of this equality 
as X tends to — oo. For this purpose we shall suppose that the order of the numbers 
X 1} X 2 , ..., X ? „ ..., is that of non-decreasing magnitude. Thus far this order has not 
been material, but it will appear that the result obtained below turns upon the 
hypothesis stated. 

Let a n (s) be the sum of the first n terms of the series 

M S ) \ b Mt)f(t)<ti + M S ) f%2(«)/(*)*+-+^W Wn{t)f{t)dt+ (5) 



J a 



a 



a 



The sum of the first m terms of the series on the right-hand side of (4) is 



\ m mmmm \ 

<T X (s) + t r [or n (s) - or n _ x ($)],* 



which is 



X x — X 



n 



= 2 X« — X 



# 



n 



m — 



A™ ■ — A, 



» = i (\ n+l —\) (X ?i —X) 



'm 



Now, suppose that we can choose a positive integer N x such that 

for all values of n >: Nj. If ' m > N l9 the function of X (6) may be written 

— X (A w+1 -— A w ) 



N!-l 

s 



<r n (s) + 



„w^N,(A K+1 -~A) (A n — h) A w — A 



m — 1 



» = i (X n+1 — X) (X w — X) 

Since the coefficients of the numbers <r n (s) are all positive when X is negative, we 
thus see that (6) is less than 



A (A n+1 k n ) 
n = i (X n+1 — X) (X n — X) 



Nj-l 

2 



o" B (•*) + ^ 



vi — 1 

2 



X (X n+ i"— Xft) 



+ 



X 



» = n, (X n+1 — X) (X ft — X) X ?H — X 



* We here employ Abel's classical transformation. For the method of this paragraph, cf. Bromwich, 
Proc. Lond. Math. Soc.' (1908), p. 59. 
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that is to say, less than 



n, - 



n 



>2 * -\(\ n+1 -\ n ) ^ ^ + --X ^ 

= 1 (X» + i — X) (K — X) % ' X Ni —X 



When any positive number e is assigned, we can clearly choose a negative number 
A, whose numerical value is so great that the first term is less than e for values of 
X :S A, and the second term is clearly less than h, for all values of X, Observing that 
our choice of A is quite independent of m, we deduce the inequality 

* r^r ^ (*) t *» (0 /(') dt =s * + €, (X < A x ), 



n =. 1 A« — A. J 



a 



which, in virtue of (4), may be written 



xf K k (s 9 t)f(t)dtsh + e, (X<Ai). 



In a similar way, it may be shown that, if 

ar n (s) > k 
for all values of n >: N 2 , there exists a negative number A 2 such that 

-XpK A (M)/(0*2:* + € > 

J a 

for all values of X < A 2 . 

§ 4. Let U (5) and L (s) be the upper and lower limits of indeterminacy of the 

series (5), it being supposed that, if necessary, these may have either of the improper 

values ± 00 . In the first place, let us assume that U (s) is a finite number. 

Corresponding to any positive number e, we can then find a positive integer N T such 

that 

<r n (s) < U (s) + e 

for all values of n> N x . It follows from what was said in the preceding paragraph 
that we can choose a negative number A x in such a way that 

-X ( K A (s, t) f(t) dt^XJ (s) + 2e, (X < Aj). 

Thus we have 



lim-X K A (M)/(*)&<U(«) (7) 



A-^~ — 00 J a 



Again, if U (s) = + 00 , this inequality is obviously true, provided that we interpret 
" x < co " as " x is a finite number, or has the improper value — 00." Further, if 
U (s) = — 00, it is easily shown, by an argument similar to that just employed, that 



-6 

lim —X 

A.->- — 00 



K x (s, t) f{t) dt= - 00 . 



a 
VOL. OCXI. — A. R 
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It appears, therefore, that with the convention we have explained (7) is true in all 
cases ; and in the same way it may be shown that 



lim -X I* K x (a, t)f(t) dt>L (s), 



with a corresponding convention as to the meaning of x > — oo. Adopting the 
hypotheses in § 1, we may sum up these results in the theorem : — 

If \j*i(s), \jj 2 (s), ..., *|f»(s), ... wre a complete system of normal functions of k(s, t) 9 
arranged in such a way that the corresponding singular values are in non- decreasing 
order of magnitude, and if U (s), L (s) are respectively the upper and lower limits of 
indeterminacy of the series 



rb 



V»i(») *l>i(t)f{t)dt + rp 2 {s)\ xfj 2 (t)f(t)dt+...+xjJ n (s) xj, n (t)f(t}dt+..., . (5) 



J a 



a 



then 



U(s) 2: Km.-X f K x (s, t)f(t) dt sr lim -X f K x (s, «)/(*) * sL(«). 



In particular it is clear that, if the series (5) converges, its sum is 



lim -X f K x («, *)/(*) rf«; 

->- — oo J a 



(8) 



while, if the series is non-oscillatory and divergent, (8) is + go, or — oo, according as 
the series diverges to + oo, or to — oo. 

§ 5. Let us now suppose that \jii(s) 9 t/r 2 (s), •••> V^00> •> is a se * of functions which 
are continuous in the interval {a 9 b) 9 and such that 

^n (s) ^ m ($) ds = 0, (n^ m), 

= 1, (n = m). 

For brevity, we shall refer to the set as a system of normal functions for (a 9 &). 
We proceed to obtain two theorems which have important applications in the sequel. 

Let f(s) be any function whose square has a Lebesgue integral in {a 9 6). The 
functions 

m rb 

f(s) - 2 !&,(*) tn(t)f(t) dt, (m = 1, 2, ...), 



n = l 



a 



have then the same property in virtue of the continuity of the functions \fj n (s). We 
deduce at once that, for all values of m, 



a 



m 



f(s) - Z ^ n (s) xp n (t) f(t) dt 



n — 1 



a 



ds = 



[f(s)Jds 



m 



a 



% 

71 = 1 



^ (*) f{t) dt 



,_^ a 
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As the left-hand member is not negative, it follows that, for all values of m, 



m 



n = 1 



xjj n (t)f(t)dt 

a 



[f(t)J dt ; 



# 



a 



and hence that the series 



^{t)f{t)dt 



a 






_J a 



^ 2 (t)f(t)dt 



+ ...+ 



mm 



xjj n (t) f(t) dt 



a 



4" . . . 



is convergent. 

§ 6. Since the n th term of a convergent series tends to zero, as n increases indefi- 
nitely, it follows from the result obtained in the preceding paragraph that 



lim \ji n (t) \j \t) dt = 0. . . 



n-^-cc J a 



■ ■ (9) 



Recalling the hypothesis in regard to f(s), it is clear that this relation is true for 
all limited functions which have a Lebesgue integral in (a, b). When it is possible 
to find a number \jj which, for all values of n, is greater than the upper limit of 
j \p n (s) | in (a, b), we may show that (9) is also true for all unlimited functions which 
possess a Lebesgue integral in (a, 6). For, assuming that f(s) is unlimited, let us 
select a positive number N, and define a function f x (s) in (a, b) by the rule 



= 



/(«) I s N, 
f(s) | > N. 



If e is any assigned positive number, it is known that N may be chosen great 
enough to ensure that 



f 



Hence, with this choice of N, we have 



Xfj n (t)f(t) dt-\ $ % (t)f x (t)dt 



a 



a 



<€i/r. 



Again, since f x (s) is limited, we can find a positive integer such that, for this and 
all greater values of n, the numerical value of 



'6 



i//„ (t) f x (t) dt 



a 



is less than e. For these values of n we therefore have 



Wn(t)f(t)dt <€(l//+l) 



* This is sometimes called Bessel's inequality, vide the footnote on p. 56 of B6cher's tract, * An 
Introduction to the Study of Integral Equations' (1909). 

R 2 
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We have thus established the theorem : — 



If the system of normal functions ty\(s) y i// 2 (s), ..., ^n($), ... is such that the upper 
limit of | \p n (s) | in (a, b) is less than a fixed number, for all positive integral values 
of n 9 then 

lim xjj n (t)f(t)dt = 0, 

n ->- oo J a 

provided that f(s) has a Lebesgue integral in (a, &). 

It will be seen at once that particular systems of normal functions for the interval 
(0, tt) are defined by 

(i) t/r„(s) = \f - cos (n—l)s (n> l), 

IT 

= \/- (n = 1), 

(ii) xjj n (s) = a/ - sin (n-j) « («> 1), 

7T 

(iii) t|/„ (a) = \/- cos (w— £) s (w >: 1), 

7T 



(iv) %jj n (s) = '\/ - sin ns (n >: 1). 

7T 



# 



As each system satisfies the requirement of the theorem just stated, we see 
that : — 

If f{s) is a function which has a Lebesgue integral in (0, tt), then 



e?r sin 



f (t) olxl hit dt 

^ x ' COS ^ 

£mc?s to the limit zero as the positive integer n increases indefinitely. 

By applying this to the function which is equal to f (s) in an interval (y, 8) of (0, ir) 9 
and is zero elsewhere, we see that 



lim 



n->- oo •/ 



6 f(t) sm Utdt = o, 

y W COS ^ 



provided that f (s) has a Lebesgue integral in (y, S).t 

§ 7. Using the notation of §§ 3, 4, let us suppose that the normal functions of 

* Cf IV., §§9, 11, 12. 

t The limitations that (y, 5) should be within (0, ir), and that n should be integral may be removed 
without difficulty, but the theorem enunciated is sufficient for our purposes. An alternative proof of the 
theorem in its most general form will be found in Hobson's 'Theory of Functions of a Real Variable, J 
(1907), pp. 674-5. 
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k (s, t) satisfy the requirement of the theorem of the preceding paragraph. Then, for 
any fixed value of s belonging to (a, b), we have 

lim t|/ M (s) [ t|/„ (t) f(t)dt = 0. 



7l-$»~00 



a 



It is easily proved from this that the numbers 

<Ti(s), <r 2 (s), ..., <r n (s), .... 

are everywhere dense in the interval (L(s), U(s)). # 

We can therefore find a sequence of these numbers which has any given number 
belonging to the closed interval (L (s), U (,9)) for its limit. Referring to the theorem 
of § 4, we see that : — 

If, in addition to the hypotheses of the theorem of § 4, it is assumed that the upper 
limit of I \fj n (s) I in (a, b) is less than a fixed number for all values of n, then, by the 
introduction of suitable brackets, the series 

^i(s)\ b ^i(t)f(t)dt + xlj 2 (s)[ b xlj 2 (t)f(t)dt+...+ 

J a J a J a 

may be made to converge to either of the limits 

fim -xf K A (s, t)f(t)dt, 

A^ -00 J* 

provided that this limit is finite. 

§ 8. Returning to the system of normal functions of § 5, let us suppose it to be 
such that 



n- 1 



xj/ n (t) <f> (t) dt 



a 



[* (t)f dt, 



J a 



for each limited function <f> (s) which has a Lebesgue integral in (a, 6). By considering 
the function which is identical with <f> (s) in an interval (a x , b x ) of (a, b) and is zero 
elsewhere, we see that 



2 

n = 1 



■*i 



xj; n (t)<l>(t)dt 



j a. 



ft («)T *> 



«i 



provided that <f> (s) is limited and has a Lebesgue integral in ■•■(a 1 , ?>x). 

Let us now suppose / (5) to be a function, defined for all values of s, which has a 
Lebesgue integral in any finite interval. Let x (s> t) be a limited function which has 
a Lebesgue integral with respect to t in (a 1? 6^, for each value of s in a certain closed 
interval (a 2 , b 2 ) ; further, let us suppose that x ( s > *) * s a uniformly continuous function 
of s in (a 2 , b 2 ), for values of t belonging to (a l9 b x ). In virtue of the latter condition, 



* Cf. Hobson, 'The Theory of Functions of a Real Variable,' p. 712. 
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when any positive number e is assigned, we can choose a positive number 77 small 
enough to ensure that 

|x(*+^*)-x(M)l< c > 

for all values of t in {a u b x ) and for all pairs of points s + y), s belonging to (a 2 , b 2 ) for 
which 1 7] I < 77. Taking any fixed value of 5, it follows from this that 



\x(^+v> t )-x{ s ^ t )\ dt < e ( h i^ a i)i 



and hence that 



r&i 



lim 



x(5 + tj, t)-~x( s > t)\dt = 



«i 



at each point s of (a 2 , 6 2 ). 

In the first place, let us suppose that f(s) is a limited function ; then 

is a limited function of t and has a Lebesgue integral in (a 1? b x ) for each value of s 
in (a 2 , 6 2 ). We therefore have 






\ h i ln (t) x (s,t)f(t + s)dt] 2 =\ bl [ X (^t)f(t + s)Jdt, . . . (10) 



for a 2 < 6* < 6 2 . The right-hand member of this equation and each of the terms of the 
series on the left may be shown to be continuous functions of 5 in the interval (a 2 , b 2 ). 
For, supposing as above that s and s + rj both belong to (a 2 , b 2 ), we have 



[xis+V'Qflt+'+v)?**-] b*(M) /(*+*)]'* 



a. 



a. 



fb 



{[x(*+v,t)T-[x(s>mif(t+s+v)Tdt 



+ 



«1 
«1 



fc(M)ra/(«+*+i?):r-[/(«+-):r}* 



• (11) 



The first term on the right is not greater than 



f&i 



r |[x(*+^)] 2 -[x(m)] 2 k 



«1 



where / is the upper limit of |,/"(s)|; and the integral just written is not greater 
than 

2 xf Ix^+^O-xMI*, 
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where ^ is the upper limit of ^ (s, t) in the rectangle a x < t < b u a 2 ^s < 6 2 . It 
follows from the remark made above that 

lim\ h i[ X (s + V ,t)J-{ X (s > t)J}[f(t + s + r ) )Jdt = . . . . (12) 

at each point 5 of (a 2 , b 2 ). 

Again, the second term on the right of (11) is not greater than 

7 ri[/(*+«+^)]' -['/(«+«)]■ I*; 

and the integral just written tends to zero with 77, by a theorem due to Lebesgue. # 
Thus we have 

lim 



bi(s, t)] 2 {Lf(t+s +v )J-[f(t + s)J} dt = 



at each point s of (a 2 , b 2 ). Taking this in conjunction with (12), we see from (11) 
that 






is a continuous function oi s in (a 2 , b 2 ). It may be proved in the same way that each 
of the terms 



J a. 



is continuous in this interval. 

It has now been shown that the positive series on the left of (10) has terms which 
are continuous in (a 2 , 5 2 ), and a sum function which is also continuous in this interval. 
It follows from Dini's theorem t that the series is uniformly convergent in (a 2 , b 2 ) ; 
and hence that, as n tends to 00 , 

i M t )x& t )f( t + 8 ) dt •' • • ( 13 ) 

converges to zero uniformly for a 2 < s < & 2 . 

§ 9. Let us next suppose f(s) to be an unlimited function. We may show that 
(13) converges uniformly to zero, provided that the normal functions \\s n (s) satisfy the 
requirement of § 6. For, let us define a limited function f x (s) by the rule 

■/i-(«)-/(«) I/(«)|SN, 
= |/(«)|>N; 

* Vide 'Legons sur les Series Trigxmom^triques ' (1906), pp. 15, 16. 

t Dini, 'Fondamente per la teoria delle funzioni di variabili reali' (Pisa, 1878), § 99. See also Young, 
" On Monotone Sequences of Continuous Functions," 'Proe. Cam b. Phil. Soc.,' vol. xiv., pp. 520-523. A 
proof of the theorem will be found in Hobson's * Theory of Functions of a Real Variable/ pp. 478-479. 
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and, assuming an arbitrarily small positive, e, to be assigned, let N be chosen great 
enough to ensure that 

Then we have 



•»i 



«i 



$n(t)x(s,t)f(t + s)dt-\ xjj n (t) x (s > t)f 1 (t + s)dt ^f x \f(t + s)-f l (t + s)\dt, 



a, 



rbx 



a. 



which is certainly less than e^^, for all values of s in (a 2 , b 2 ). Again, since fi(t + s) 
is limited, we can choose a positive integer m such that 



*.(0x(M)/i (* + *)* 



a, 



^•x *•? 



for n >: m and a 2 < s £ 6 2 - It follows that, for these values of n and s, we have 



and hence that 



<M*)x(M) /(*+*)* <e(f x +l); 



a. 



*i 



a, 



^»(*)x(m) /(*+*)# 



converges uniformly to zero in (a 2 , b 2 ). 

It may be proved in the same way that each of the other integrals 



*i 



«i 



^»(*)x(M)/(±*±s)<ft 



has this property. Hence the theorem ;■ — 

Let the system of normal functions \jii(s) 9 t/r 3 (s), ..., \ff n (s) 9 ...be such that (1) the 
upper limit of \ \fj n (s) | in (a, b) is less than a fixed number, for all positive integral 
values ofn, and (2) 



% \f/ tl (t) $ (t) dt 

n — 1 \_J a 



ft (t)J dt, 



a 



for each limited function cf> (s) ivhich has a Lebesgue integral in {a, b). Let f(s) be a 
function, defined for all values of s, which has a Lebesgue integral in any finite 
interval. Let x (s> t) be a limited function which, for each value of s in an interval 
(a 2 , b 2 ), has a Lebesgue integral with respect to t in an interval (a u bi)(a < a x < b x < b) ; 
and let ^ (s, t) be a uniformly continuous function of s in (a 2 , b 2 ) for values of t 
belonging to (a u b x ). Then, as n tends to oo, each of the four integrals 






^n{f) X (s,t)f{±t±s)dt 



converges uniformly to zero in the interval (a 2) b 2 ). 

The theorem we have just enunciated is of very general character, and may be 
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stated in a variety of particular forms. Without exhausting all possibilities, we shall 
mention two corollaries which will be of use in the sequel. 

It has already been pointed out that the four systems of normal functions defined 
in § 6 satisfy the condition (1) of the above theorem ; and it will be shown, in a paper 
to be published shortly, # that the condition (2) is also satisfied. Further, a function 
X (t), which has a Lebesgue integral in an interval (y, S) (0 ^ y < S :< it), may be 
regarded as a uniformly continuous function of s in any interval whatever, for values 
of t belonging to (y, 8). We have thus the first of the corollaries mentioned : — 

Letf{s) he a function, defined for all values of s, which has a Lebesgue integral in 
any finite interval ; and let x (t) he a limited function ivhich has a Lebesgue integral 
in an interval (y, 8) (0 < y < 8 < it). Then, as the positive integer n increases 
indefinitely, each of the eight integrals 

f y f(±s±t) X (t)Zintdt 

converges uniformly to zero in any finite interval, f 

A sufficient condition that x ( s > ma y be a uniformly continuous function of s 
in (y f , §'), for values of t belonging to (y, 8) is that x ( s > should be a continuous 
function of the two variables s and t in the rectangle y < s < 8', y < t < 8. Hence we 
have the second corollary : — 

Let f(s) he a function, defined for all values of s, which has a Lebesgue integral in 
any finite interval ; and let x. ( s > be a continuous function of the two variables 

* In this paper I shall prove the following theorem : — 

Let f(s) be any function whose square has a Lebesgue integral in (0, ir). Let fa (s), fa(s), ..., fai(s), ...be 
the complete system of normal functions which, for suitable values of /x, satisfy the differential equation 

^L + ( q + Hj )u = 0, 

and an assigned pair of boundary conditions at the end points of (0, ir). Then the series 



<* 



IT 



fa(t)f(t)dff+ [[" fa(t) f(t) dtV + ... + \'[* tnit) f(t) dt 



uo 







2 



"T" a * ♦ 





is convergent and its sum is 

' [/(OP * 

Jo 
in all cases. 

We shall see below (IV., §§9, 11, 12) that the four systems of normal functions each satisfy the require- 
ments of this theorem. 

In the meantime the reader will be able to deduce the particular cases here required from a result 
obtained by A. O. Dixon (" On a Property of Summable Functions," ' Proa- Camb. Phil. Soe.,' vol. xv., 
pp. 211-216). 

f The limitation that n should be integral may be removed without difficulty. Hobson has proved the 
equivalent of this corollary for the case in which x (0 h as limited total fluctuation in (y, S), vide " On the 
Uniform Convergence of Fourier's Series," 'Proa Lond. Math. Soc.,' ser. 2, vol. 5, pp. 277-281; 'The 
Theory of Functions of a Real Variable ' (1907), pp. 683-687. 
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s and t in the rectangle y'<s<S',y<i<S (0 < y < S < it). Then, as the positive 
integer n increases indefinitely, each of the eight integrals 



f{±s±t)x{s>t)^o^ ntdt 

converges uniformly to zero in (y\ S ; ). 

§ 10. From the first corollary of the preceding paragraph, it is possible to deduce a 
theorem which we shall have to employ below. This theorem depends upon the 
following lemma : — # 

Let g (s, n) be a limited function defined for all values of s in an interval (a, &), 
and for all positive integral values of n; also let this function converge to g (s), as n 
increases indefinitely, uniformly in (a, &). Then, as n increases indefinitely, the 
arithmetic mean 

7 {g(s 9 l)+g(s 9 2)+...+g(s 9 n)} 

converges uniformly to g (s) in (a, b). 

To prove this, we observe that, when any positive number e is assigned, a positive 
integer N x may be chosen great enough to ensure that 

\g(s,n)-g(s)\<ie 
for all values of n > N ]? and of s in (a, b). It follows at once that we have 



g(s 9 l)+g( s,2) + ...+g (s,n) 

n 



g( s ) 



< 



1 



n 



Ni-l 

S {g(s>r)-g(s)} 



r = l 



+ 4e. 



As g (s 9 n) is limited, it is clearly possible to choose a positive integer N 2 in such a 
way that the first term on the right is less than Jk ? for all values of n> N 2 , and of 
5 in (a, 6). Hence we see that, when n is not less than the greater of N x and N 2 , 



n 



{g(s 9 l) + g(s 9 2)+...+g(s 9 n)}-g(s) 



< £> 



for all values of s in (a, &). The lemma is therefore established. 
With the notation of the previous paragraph, let us write 

g(s>n)= f(s + t)x(t)&m%(2n-l)tdt. 

Jy 

Clearly g (s, n) satisfies the requirements of the above lemma, the function g (s) 
being everywhere zero, and (a, b) any finite interval whatever. Since 



n 

% 

r — 1 



sin |- (2r— 1) t = sin 2 ^nt/ sin. \t 9 



* Cf. Hardy, 'Proc. Lond. Math. Soc./ ser. 2, vol. 4, p, 257. 
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it follows from the lemma just established that 

converges uniformly to zero in any finite interval. 

The same remarks being applicable when f(s + t) is replaced by either of the 
functions f(s—t),f( — s + t) :) f(--s--t), we have the theorem : — 

With the hypotheses of the first corollary of § 10, each of the four functions 

- \* f( + s + t) x (t)*™~^dt 

converges uniformly to zero for values of s in any finite interval, as the positive 
integer n increases indefinitely. 

It will be clear that a variety of results may be obtained from the corollary referred 
to by a similar process. 



III. — A Method of Kepresenting an Arbitrary Function in Terms of 
Solutions of a Sturm-Liouville Equation. General Theorems on 
the Behaviour of Sturm-Liouville Series. 

§ 1. We proceed to apply the foregoing results to the theory of Sturm-Liouville 
series. With this in view, we shall commence by considering those solutions of the 
differential equation 

U t &) +{3, - I > v -° (1) 

which, by a suitable choice of the parameter r, can be made to satisfy a certain pair 
of boundary conditions at the ends of an interval (a, 6). In what follows it will be 
assumed that in the closed interval (a,'b) (1) I is a continuous function of x, (2) g and 
h are continuous functions of x which never vanish, (3) h possesses a continuous 
differential coefficient, and (4) gh has a continuous derivative of the second order. 

The pair of boundary conditions above referred to will be supposed to be one of the 
following four : — 



Cm V 

(i) -z hv = at x == a 

ax 

-Y- + Hi? = „ x = b 

ax 

(ii) v = ,, x -- a 

d v 

- 7 — + Hv = „ x == b 

ax 

s 2 



-\ 



> 



> 
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(iii) — hv = at x = a 

v = 

(iv) v = 
v = 



> 



3? 



J> 






6 



# = a 



5? 



cc = 6 



The constants A and H will be supposed real, but will be otherwise unrestricted. 

In the sequel we shall employ the symbols B, J3, b B P h a B to denote the pairs of 
boundary conditions numbered (i), (ii), (iii), (iv), respectively. It will be observed 
that the letters which stand to the left of B indicate the end points at which the 
boundary condition is v = 0. 

§ 2. With the hypotheses of the preceding paragraph, we may transform (1) by 
means of the substitution 



"X 



s = f I (g/k) 1/2 dx, u = (gky^v, jjl 
where £ is the constant 



= r^ 



77 



(g/k) 1/2 dx. 



a 



The differential equation then becomes 

d 2 u 



ds' 



+ (q + p) u = 0, . 



(2) 



where 

a - - l w " ( g ) + iM 

1 Woo e 

w (s) and j (s) being the functions (gk) 1,4i and - respectively, expressed as functions 

9 
of s. In virtue of our hypotheses, it will be clear that q is a continuous function of s. 

Corresponding to the interval a<^<6we have the interval < s ^ ir 9 and to each 

pair of boundary conditions B, JB ? 6 B, b a B for the former interval there corresponds a 

pair for the latter; these we shall denote by B ; , B', "B' 9 lB' respectively. The 

reader will find that the pair of boundary conditions B ; is 

MJ —Wu = at s = 



ds 

du 
ds 



> 



+ Wu = 



>5 



7T 



where h! and H 7 are real constants whose values depend upon h and H respectively ; 
he will also find that the pair qB ; is 



t^ = at s 







~\ 



> 



U = ,, 5 = 7T^ 



The pairs of boundary conditions B ; , n B' will then be obvious. 
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§ 3. In what follows we shall consider in detail only the case when the pair of 
boundary conditions for (a,.b) is B. A slight modification of the method developed 
below is necessary to obtain a formal proof when the pair of conditions is JB, J B, 
or *B, but the nature of this modification is so obvious that we shall content 
ourselves with a statement of the corresponding results. 

After what has been said in the previous paragraph, it is clear that the problem of 
determining the solutions of (l) which satisfy B is equivalent to that of determining 
the solutions of (2) which, for suitable values of /x, satisfy B ; . 

It may happen that certain of these values of /x are not all positive. If so, we can 
choose a number k which is less than the least of them. The equation 

d 2 u 



ds* 



+ (q+K + [l)u = 



is then such that the values of /x for which there exist solutions satisfying B' are all 
positive, and clearly the aggregate of these solutions is identical with the aggregate 
of the solutions of (2) which satisfy B'. It follows that, without loss of generality, 
we may suppose the values of /x for which there exist solutions of (2) satisfying B' to 
be all positive. 

It has been shown by Kneser that the Green's function # of 

3?+2*=°- (3) 

for the pair of boundary conditions B' is 

K (s, t) = (s) <f) (t) (s ^t) 

= <f>(s)6(t) (8 sit), 

where 9(s)f satisfies (3) and the boundary condition 

du 



ds 



h!u = at ,9 = 0, 



<j> (s)f satisfies (3) and the boundary condition 

du 



ds 



+ B!u = at s 



77, 



and the two functions are chosen in such a way that 

0{s)<l>'(s)-<l>(s)d'(s)= -1. 

* For the theory of Green's functions, see Hilbert, 'Gott. Nachr.' (1904), pp. 214-234, and Kneser, 
1 Math. Ann./ vol. 63, pp. 482-486. 

t From a theorem on linear differential equations it is known that, as q is continuous, these solutions 
exist and have continuous second derivations in the interval (0, w) (vide Picard, i Traite* d' Analyse,' 
tome III. (1896), p. 92). 
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The values of /x, say X l5 X 2 , ..., X n , ..., for which there exist solutions of (2) satisfying 
B' are known to be the roots of the determinant of k (s, t). Further, if ^ (s) 9 
\jj 2 (s)> • ••> ^»00> .- respectively are these solutions, chosen in such a way that 



7T 



Jo 



bl*n ( S )J d s = 1 (n = 1, 2, ...), 



it is known that they are the complete system of normal functions of k (s, t)- 
Recalling that X 1? X 2 , ..., X n , ... are all positive, it follows from the theorem quoted 
above # that 

/ » A V Yn\S) Yn\ ) ( A\ 

fC I O , V J * JL4 ' ~ . , » • * * • « . \ / 

?i = 1 A n 

§ 4. Consider now the effect of replacing g by g + X in (2), where X is a negative 
number, f The values of /x for which there exist solutions of 

— + (q + h + n) u = 

satisfying B ; are clearly X 1 —X, X 2 — X, ..., X n — X, ..., and the solutio ns corresponding to 
these are i// x (s), ^(s), ..., i/f»(s), • ••> respectively. It follows from (4) that the 
Green's function of 

-tt + (#+x) u = (5) 

ds 2 ™ ' x 

is 

n = 1 X n — X 

i.e., K x (s, £), the solving function corresponding to ic(s 9 t). But, by Kneser's 

theorem, the Green's function of (5) for the pair of boundary conditions B' is the 

function defined by 

®a (s) ® k (t) (s < t) 

<M*)«*(*) (s>t), 
where © A (s) satisfies the equation (5) and the boundary condition 

_- h'u ~ at ,9 = 0, 

as 

and <&*.($) satisfies this equation and the boundary condition 

— + Hl'u = at s = 77*, 
as 

* IL, § 1. 

t For our immediate purpose this restriction may be replaced by the wider one that X is not equal to 
one of the singular values X h X 2 , ..., X. m .... As the condition that X should be negative is forced upon us 
in the following paragraph, and we shall not need to consider other values, we shall continue to suppose 
that X is negative (vide II. , § 3). 



we thus see that 
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the two functions being such that 

® K (s) & x (s) - * A (s) e' A (s) = - 1 . 
Writing 

( s \ - ®±M j> (s) - ^-^ 

= 4MM) ( , a() , (6) 

where # A (s) is the solution of (5) defined by the conditions # A (Q) = 1, 0\(O) = /? 7 , 
<f>i(s) is the solution defined by <j> K (ir) = 1, </4(7r) == ~~H 7 , and 8 (X) is the value of 

which is known to be independent of s. 

§ 5. The result just stated may be employed to obtain an asymptotic formula for 
K A (s, t), when A. is negative and numerically large. For this purpose it will be 
convenient to write \ = —p 2 , where p is supposed real and positive. If we denote by 

D the operator -=- , the equation (2) then becomes 

[D 2 — p 2 ~]u = — qu. 

The complete primitive of this is 

u = Ci cosh ps + c 2 sinh ps — [D 2 — p 2 ]"" 1 qu 

1 

= c x cosh ps + c 2 sinh ps {[-D— p]' 1 qu — [D + p] * g"^} 

2p 

1 f s 
= c x cosh ps J rC 2 sinh ps — g^ sinh p {s—s^) cls^ 

pjo 

where c x and c 2 are constants, and q l9 u x are what ^, u become when s x is substituted 
for s. ■ 

If tt = # A (s), the conditions # A (0) = 1, 0\(0) = A 7 give 

Ci - i, c a = — 

Accordingly we have 

A 7 1 f* 

K (s) = cosh ps~\ — sinh ps— - q x K (s x ) sinh p (s— s x ) ds x . ... (7) 

If we write 

L{s) = AifL ! ( 8) 

cosh ps K J 

this equation becomes 

&(*) = 1 + - tanh ps-- q^M ^ 1 ~ ^i- • • • ( 9 ) 

w p p J ■ cosh ps 
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Now at all points of the closed Interval (0, it) 

< tanh ps < 1 ; 
and, whatever value belonging to the interval s may have, 



cosh ps t . sinh p (s—Si) 
cosh ps 



2 



sinh ps + sinh p (s— 2^) 
cosh ps 



< |- tanh p5 + ^ 

< 1 



cosh ps 



If 5 X Is a point of the closed interval (0, s). Hence, if £ A be the 
C\(s) | in (0, it), we see from (9) that 



:reatest value of 



£ A < 1 + 






which may be written 






?i <foi, 



& 



x ~t~ 



# 



p 



1 



7T 







ft 



ds. 



-i 



It follows that £ x (s) is limited for values of p that are greater than a certain 
positive number, and of s that lie in the closed interval (0, rt), 

§ 6. It will be convenient in what follows to use a (p ? s) as a shorthand symbol for 
the phrase " a function of p and s which is limited for values of p that are greater 
than a certain positive number, and of s that lie in the closed interval (0, w)" 

With this convention it follows from the result obtained in the preceding 
paragraph, that (9) may be written 



L (s) = l + 



a 



(P> s ) 



* • » « • * * * l JL \J i 



whence, in virtue of (8), we obtain the formula 

6 k (s) = cosh ps (l + -fe^ 



p 



(1 1) 

• • » « • » » » * i x x I 



In order to obtain an asymptotic formula for 0\ (s) 9 we turn back to the equation (7). 
Differentiating with respect to s 9 we obtain 

rs 

6 r k (s) = p sinh ps + h! cosh ps— q 1 k (s\) cosh p (s—Si) ds x . 

Jo 

Using (11) this becomes 

f s 
@ f k 00 = p sinh ps + N cosh ps— g x cosh p^ cosh p (s— #l) & x 



►OiUOt/ 



- q-ipt (p, 5 X ) cosh p ($— s^ c?$ 1# 

p J 



cosh ps x . cosh p (s—s,) - 

. --1, ■„ ,,-»„.. », _ „,,,,» ■ '■'"■"""*"-—> ' — ' — . — ™-™~~— ■—. — ~.~* ^^""*"* Jl 

cosh ps 



(12) 
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for all values of s x which belong to the interval (0, s), it appears that the third term 
on the right-hand side of (12) is of the form 

a (p, s) cosh ps ; 

and it is evident that the fourth is of the same form. Thus (12) gives 

Q'k ( s ) = p sinh ps + a (p, s) cosh ps. 

Proceeding in a similar manner, we may obtain analogous formulae for <j> k (s) and 
4>' x (s). It is, however, more expeditious to deduce these from the formulae already 
obtained for k (s) and ff K (s) by a device which we proceed to explain. Putting in 
evidence the argument of q, let u (s) be the solution of 

^ + [?( 7r -- s )+ x > = o 

7 

in the interval (0, ?r), which satisfies the conditions u = 1, -7- = H 7 . at 5=0. 

as 

Clearly u(tt—s) is the solution of 

d 2 u 



ds' 



+ fo(s)+X> = 



7 
in this interval which satisfies the conditions u = 1, -=- = —H 7 , at s = 7r. Recalling 

that the asymptotic formula (11) is valid for all values of h\ and for all continuous 
functions g, we deduce from it the formula 

^ (S) = COsh p (TT-S) (l + Zlbjft ; 

and similarly, in virtue of the relation 

^[U(7T-S)]= - U f (TT-s), 

we obtain 

<j> f \ (s) = — p sinh p (ns) —a (p, s) cosh p (77---$) 

from the formula given for & K (s). 

§ 7. Supplying the formulae of the preceding paragraph in 

we obtain 

§ (X) = cosh p(ir—s) [p sinh ps + a (p, 5) cosh ps] ( 1 + ^ifiiz 

+ cosh ps [p sinh p(w-s) +a (p, 5) cosh p (tt-s)] ( 1 + ^a£i_£) 

where it must be borne in mind that the various symbols a (p, s) do not necessarily 
refer to the same function On multiplying this out it appears that the terms which 
vol. ccxl — A. T 
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do not involve a (p, s) give p sinh pir ; and each of the remaining terms is easily shown 

to be of the form 

a (p, s) sinh pir. 

Recalling that 8(A) is independent of s, we thus see that 

8 (A) — p sinh prr ( 1 + — i£^ ) , 

V p I 

where, in analogy with the notation explained in § 6, a (p) is a shorthand symbol for 
u a function of p which is limited for values of the argument that are greater than a 
certain fixed positive number." If, in a similar way, we use a (p, s, t) to denote 
" a function of p, s and t which is limited for values of p that are greater than a 
certain positive number, and of s and t that lie both in the closed interval (0, ir)" the 
formulae of this and the preceding paragraph, when supplied in the expressions for 
K A (s, t) obtained in § 4, give 

K A (s, t) - r A (s, t) (1 + ^PilS) 9 (13) 

\ p / 

where 

, ) = gog^coahpQr-t) , ^ 

p sinh pir 

_ cosh p (tt — s) cosh p£ , n 

— 7 ~T~ "™~~~" V s ' ~ V- 

p smh p7r 

§ 8. Let f(s) be any function which has a Lebesgue integral in the interval (0, tt). 
Then from (13) we obtain 

-X [[K K (s, t)~l\(s, t)]f(t)dt - p fr A (^ a(p, 5, t)f{t)dt. 

Jo J 

.Now when s > £ we have 

p / /\ __ cos l 1 P (Tr — s + t) + cosh, p (rr — s — t) # 

2 sinh p7r 

hence, recalling that I\ (s, £) is a symmetric function of 5 and £, we see that 

pl\ (s, t) < coth p7T, 

for < 5 < TT, < £ < TT. 

Since coth pir, considered as a function of p, is limited in any range which does not 

include points within an arbitrarily small distance from the origin, it appears that, 

for ^ 6' < 77, < £ ^ tt, and for all values of p greater than any assigned positive 

number, pl\ (s, £) is limited. The same remark therefore applies to the function 

pl\ (5, t) a (p, 6', £). 

Again we have 

lim pl\ (,s', t) = (,9 5^ i) = 1 (6* == £). 

p -> GO 
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It follows that, for unequal values of s and t, 

lim pY k (s, t) a (p> s 9 t) = 0. 

p -$>• GO 

Applying the theorem of I, § 1, we deduce that, as p tends to oo 



"7T 

i\ (s, t) a (p, s, t)f(t)dt, 



t'.tij 



-X 



fir 



Jo 



[K A (M)-I\(a, t)]f(t)dt 



tends to zero, for all values of s in (0, rr). 

In what follows we shall express the result just obtained by the notation 



77 



• 



'T k (s,t)f(t)dt 9 



the symbol between the left- and right-hand members indicating that their difference 
tends to zero, as X tends to — oo. 
§ 9. Let us now consider 

-\\ W T k (s 9 t)f(t)dt. 



The value of this is evidently 

p COshjQ (JT-S) P cQgh ,^ dt+ p COsh pS r osh , _^ ,,^ ^ ^ / u) 

smh /)?r Jo r J x ; smh /)?r J* r v /,y v J v 7 



Now, whatever value s may have in the closed interval (0, 77), 



p cosh p (tt—s) 
sinh /)?r 



e~ pt f(t)dt 





/) cosh p (tt—s) 



sinh 



p?r 



/(0 1 dt ; 



• « 



hence we see that 



p cosh p (n—s) j 



sinh 



»7T 



e-*f(t)dt . 





# » • 



(15) 



• (16) 



converges to zero, as X tends to — 00. It follows that 



p<x*hp(*-s) r cogh /(0 dt .^ £COg h g (ir-*) ^ 

sinh p77 Jo " 2 smh />7r 



^77 



f(t)dt. 



Since a corresponding result applies to the second member of (14), we finally 
obtain 



X 



Ctt 







r.(M)/(*)*EEE=£^^ 

2 smh p7r J 



e" J /"M dt + p COsh pS 





T 2 



prr 



' e" { -y(t) dt. . (17) 
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§ 10. Let us now suppose that < s < rr If a is an arbitrarily assigned positive 
number less than, or equal to, s 9 the first term of the right-hand member of (17) may 
be written 



p cosh p (ir—s) 



Since 



2 sinh pir Uo 



's— a 



e pt f(t)dt+ e pt f(t)dt 



J s—a 



p cosh pjjr—s) 
2 sinh prr 



S—a 



e pt f(t)dt 



pe p{s a) cosh p (tt—s) 
2 sinh pir 



CS~a 







f(t) | dt 9 



it is clear that 



p cosh p(ir—s) 
2 sinh ptr 



's—a 







e pt f(t)dt . 



• as 



. . . (18) 



converges to zero, as X tends to — oo. 

Again, by a simple substitution, it is easily seen that 



and evidently 



s— a 



•a 



e pt f(t) dt = e ps e"~ pt f(s-t) dt ; 



pe ps cosh p(tt—s) 



■a 



P 

— no 1_ 



*a 



2 sinh prr 
We thus prove that 

p cosh .p(Tr-s) P e „ 9tf{t) dt E _^ E 

2 sinh pir Jo " 2 



e~ pt f(s-~t) dt IEEE £ e~ pt f(s-t) dt. 

2 Jo 



• • ( l9 ) 



"a 

e~ pt f(s-t)dt. . . . (20) 





The restriction a<s may now be removed, provided that the function f(s) is 
defined for values of s outside (0, it) in any manner consistent with the condition, 
that f(s) should have a Lebesgue integral in every finite interval. For if a > s 9 
we have 



P 



a e~ pt f(s-t) dt IEE™ £ f e" pt f(s-t) dt 

o 7 2 Jo 



and the right-hand member of this has been shown to differ from the left-hand 
member of (20) by a number which tends to zero, as X tends to — oo. 

By the same method and with the same convention it may be shown that 



p cosh ps 
2 sinh pir 



IT 



e" { "-vf(t) dt r^=y B. r e -rtf( s +t) dt. 

2 Jo 



e • 



(21) 



Hence, from (17) and (20) we see that 



'TT 



K k (s 9 t)f(t)dtZEEE% 



a e-*lf(8-t)+f(8 + ty}dt 9 



for all positive values of a, and for all values of s which belong to the open interval 
(0, 7r). In the paragraphs which immediately follow we shall obtain a more general 
form for the right-hand member. 
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§ 11. Let xi (0 be a function of t defined in an interval (0,77) (77 > 0) which 
possesses a limited derivative of the second order ; further, let the function be such 
that 

Xi(o) = o> x"i(o) = i> 

X'i (*) > 0, (0 < t^ rj). 

We propose to prove that (oc < rj) 



a 



a 



p e-*f(s-t)dtEEE»p\e-P t f[s--xi( t )] dt ( 22 ) 

Jo Jo •• 

In the first place, we observe that, if n is any positive number less than unity 
and p > 1, 



Y>«/[>-xi (*)]<& 



a 

7 n 



pe 



p 1- ^ 



a 







f[s- X i(t)]\dt. 



Since the right-hand member converges to zero as A. tends to — 00 , it follows that 



a 



a 



e-'V^-Xiityidt^EEEp e^f[s- Xl (t)-]dt (23) 

i Jo 

Again, by a known theorem of the differential calculus, 

where t x is a point of the interval (0, t). Denoting by c the upper limit of \rf\ {t)\ 

in (0, t) we see that 

\ X \(t)-l\^ct. 
Hence we have 



a 



a 



a 
P n 



e-'YO-Xi (*)] Xi (0 dt- P e-*f[s- X i (*)] dt\*cp\ e^ \f[s- X i (*)] 1 1 dt. 

J JO 



Since 



pte 



rj ~ P t ^ „-i 



e 



for all values of p and £ which are not negative, the right-hand member is not greater 
than ^ 

ce -i[ p |/[$-xi(*)]|cfe; 



and this, by a known property of Lebesgue integrals, converges Jto zero as p tends 
to oo. Referring to (23) we thus see that 



a 



P f e-'VO-Xi (<)] * £EEE P f^- p y [s-Xi (*)] x'i (0 dt. 

Jo Jo 



For values of p which are sufficiently great. 



'a 



Xi 



Vp»/ 



e"~ pt f(s-t)dt 



a 



pe-" 1 """ |/(«-*) | ^*, (24) 
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where 



a 



r >' 



When p increases Indefinitely /3 clearly converges to a ; and therefore the right-hand 
member of (24) converges to zero. It follows that 



a 



e~ pt f(s-t)clt± 





00 



X] 



^0 



(?) 



e~ pt f(s-t)dt. 



Substituting t = Xi { w ) in "the right-hand member, and then replacing w by t, we see 
that this may be written 



a 



p fV"/(s-«) dt lEEip ("">«"<'>/ [*-Xi (*)] X'i (0 <**■ 

•10 « 



Taking this in conjunction with the result previously obtained, we see that (22) will 
be established when it has been proved that 



a 



a 



p\'\~^f[s- Xl (t)] x \(t)dt^IIp\ P "e-^f[s-x,mx\(t)dt. . . (25) 

Jo Jo 



§12. We have 



a 

P" 



a 



e-"/[*-Xi (01 x'> (<) <*«-/> e-«>«>/[*- Xl (*)] ^ (0 * 

Jo 



J 



a 





e" 



- P t 



l-e^^\\f[s- x ,(t)]\ x \(t)dt. . . (26) 



Now, by a known theorem of the differential calculus, 

where, as above, ^ is a point of the interval (0, t). 
From this we see that 



ana hence that 



1 _ e -P fxi (0 -q | < e ^ _ i ( o < * < r, ). 



Thus the right-hand member of (26) is 



a 



p^OI/C'-xi-WJIx/CO*. 



where 



P (p, t) = /oe^ (^ 2 - 1) ( < « 



a 



w 
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a 



§ 13. Let us now suppose n > %; then, for values of t in ( 0, — n ), it is possible to 

\ p n j 

find a positive number such that, for all values of p which are greater than it, \cpt 2 
is less than unity. For these values of p and t we have 



e ¥pv^\ -< 



2 



and so 



i-cpt 2 



1/W 2 J 



p (/>, *) 



-c 



Since 






^2 e - P « < 4e 



-2 



for values of p and t which are not negative, we see from this that, for values of t in 



a 



0, —j, P (p, t) is less than a fixed positive number P independent of p. We 
therefore have 



a 
~ 



"p* 



^"/[*-xi(*)]x'i(*)<&-p «- BnW /[»-xi(0]x'i(«)* ^p l/[*-xiW]lx'i(0*- 






As the right-hand member converges to zero when p increases indefinitely, it 
follows that the relation (25) is true ; and hence that 



a 



e~ pt f(s-t) dt a-^-o> p e ~ pt f[s-xi (*)] dt. . 

o Jo 



a 



. * I ZJZJ ) 



It may be shown in a similar way that 



fa 



P 



JO 



a 



e~ pt f(s + t)dt a-^-^ p er^f[s-\-x2{t)]dt, (27) 

Jo 



where Xs(0 * s an y function which has a limited second derivation in (0, rj), and is 
such that 

x»(o) = o> x / 3 (o) = i. x'> (0>o (0£*£^). 

It follows from the result obtained in 8 10 that 



-X 



'•/r 







00 



2 J 



fa 







*-"{/[*-xi(0]+/I>+x.(*)]}<fc 



(28) 



Let us denote 



H/D*-* (01 +/[>*-* (*)]}. 



where 5 is a fixed point of the open interval (0, rr), by X (t) ; and let us suppose, for 
the moment, that X( + 0) is finite. Then, if e is an arbitrarily assigned positive 
number, we can choose a so small that 



X(£):sX( + 0) + € 
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for all values of t in the interval (0, a) t We have therefore 



'a 



•a 



e" p *X(*)d«<[X( + 0)'+c] / o e~ pt dt 



Since 



we see from this that 



lim p 

p ->- 00 J 



a e ~ pt dt = 1, 







'IT 



lim —X K k (s, i)f(t)dt :<X( + 0)+e; 

J^. _qo Jo 



or, as € is arbitrarily small, 



lim —X 



TV 



K x (s, t) f(t) dt <X( + 0). 





• .. (29) 



This inequality is obviously true when X( + 0) has the improper value 4- oo, 
provided that we interpret it as suggested in II., § 4 ; and the reader will be able to 
prove that it also- holds when X( + 0) is — oo, It follows that the inequality as 
written above holds in all cases. 

It may be shown in a similar way that 



lim — X 



A. *$*■ — oo 



n ~K K (s,t)f(t)dt^X( + 0)> ..... . (30) 



The function X (t) depends upon Xi (t), Xs (0> an( ^ so X ( + 0) may have different values 
when we replace these functions by others satisfying the requirements of §§ 11, 12. 
Let us denote by «u ($) the lower limit of the set of values of X ( 4- 0) obtained by 
taking all possible pairs of functions x.i (t)> Xs (0 I an d let w ( s ) be the upper limit of the 
corresponding values of X ( + 0). We shall speak of a) (s) as the upper bilateral limit of 
f(s) at the point s, and of co(s) as the lower bilateral limit of f(s) at this point. 
When (x) (s) is equal to m (s), the common value will be referred to as the bilateral limit 
of f(s) at the point s, and will be denoted by a) (s). 

It will be obvious from (29) and (30) that 



co (s) >: lim — X 

A.->- — oo 



'7T 



'7T 



K x (s, t)f(t)dt~z lim —X K A (s, t)f(t)dt ^ t a)(s). , (31) 



A ->- — oo 



In particular, it will be clear that, when the bilateral limit of f(s) at the point s 
exists, 

lim —X K k (s,t)f(t)dt ........ (32) 



A-> oo 



exists, and is equal to it. 

From the inequality just written, and the definitions given above, we have 



X( + 0) >: (o(s) >: o>(s) ^ XJ[ + 0). (33) 
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It follows that, if Xi (0> X2 (0 can ^> e chosen in such a way that 

X( + 0) = lhnjr{f[ S - Xl (t)]+f[s+ X2 (t)]} 

exists,- then the bilateral limit of f(s) at the point s exists, and is equal to it. In 
particular, the bilateral limit of f(s) exists at the point s, whenever 

Km *.[/(*-*)+/(* + *)] 

exists. 

§ 14. In the preceding paragraphs we have developed the theory of upper and 
lower bilateral limits in a form which is adapted to our immediate requirements, but, 
on reviewing §§ 11-13, the reader will find that, so far as concerns the definition of 
these numbers and the fundamental inequality (33), f(s) may be any function which 
has a Lebesgue integral in an interval (a,b), and s any point lying within this 
interval. The definitions given are clearly applicable to the more general case, as 
also are the relations (22) and (27). Choosing a fixed positive number A such that 
a < s~ A, b >: s-t- A, the reader will easily prove that 

£ fV>* [f(s-t)+f(s + ty] dt x^E» £ [e~* lf(s-t)+f(s + t\] dt. 

2, Jo ' 2.o 

Hence (28) may be adapted for the more general case by substituting 

f [V"[/(*-o+/(«+0]* 

A Jo 

in place of the left-hand member. Proceeding as above, we then obtain 

p^ooZJo / p ^ oo 2 J ' / ' 

in place of (31). It now follows that the fundamental inequality (33) is valid at 
each point s of the open interval (a, b). 

We may deduce from (33) an important property of functions which are integrable 
in (a, b) in accordance with the definition of Lebesgue. For, from it, it will be clear 
that ivhen 

t -*- 

exists at a point of the open interval (a, 6), it has a value independent of y^ if) and 
y$ (t), namely, the bilateral limit of f(s) at s. 

It is not consonant with the plan of the present memoir to pursue this topic 
further. 

S 15. We have now to consider the behaviour of 



*7T 



-X K K (s,t)f(t)dt 
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as X tends to — oo, when s is one of the end points of (0, it) ; let us suppose, in the 
first place, that s = 0. From the results obtained in §§ 8, 9, we see that 



X K K (0,t)f(t)dtl 

Jo 



00 



2 sinh pn J 



* e p^-t) f(t)dt. 



The right-hand member is 

pe pn 



2 sinh p7r 



\e-" t f(t)dt+ \e'^f(t)dt 

JO * .a 



where a is any positive number less than, or equal to, tt. Proceeding as in 
may be shown that 



10, it 



pe 



and that 



lim - . 

P ->« 2 sinh pir . a 



e" pt f(t)dt = 0, 



pe 



pn 



'a 



'a 



2 sinh pir J 



e-*flt)dt ±£^ p e-*f(t)dt. 

Jo 



Hence we obtain the result 



X 



'K k (0,t)f(t)dtI±EE P e->*f(t)dt* 

o Jo 



From this it follows that 



/(0 + 0)> lim -X 

A ->- — oo 

and, in particular, that 



"K,(0,t)f(t)dt> lim -X\ KA0,t) f(t) dt^ f (0 + 0) ; 

*0 * A-*--oo JO 



»tr 



lim -X K,(0,0/(0^=/(0 + 0), 



oo 



whenever the right-hand member exists. 
It may be shown in a similar way that 



/(ir- 0)=- lim -xTk^it, <)/(*) (fogs lim -X jK A (tt, *)/(*) dt^ fjir- 0) , 

§ 16. It will be observed that so far we have been concerned with the limit (32) for 
a fixed value of s 9 and that, in consequence, the question of uniform convergence has 
been left aside. We now proceed to prove that :— 

If the set of points at which f(s) is continuous includes a closed interval (y, 8) 
lying wholly tvithin (0, 7r), then, as X tends to — co 5 



*7T 



~X K K (s,t)f(t)dt, 

Jo 

converges uniformly to f(s) in this interval. 

* It is evident that the restriction a <tt may be removed, if we adopt the convention of § 10 in regard 
to the definition of f(s) outside (0, tt). 
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We commence with the equation 



»7T 



X {K k (s,t)-T K (s,t)]f(t)dt = p\ T,(s,t)a(p,s,t)f(t)dt. 



J JO 



It was shown in § 8 that pT k (s, t) is limited, and that, as p tends to go, its limit is 

zero for unequal values of s and t. The function pY k (s> t) a (p, s 9 t) will therefore 

satisfy the requirements of the theorem of L, § 3, if it can be proved that pT x (s, t) 

converges uniformly to zero, for values of s and t such that \t—s\ is not less than 

an arbitrarily assigned positive number rj. That this is so follows at once from the 

inequality 

, t) ^ cosh p ( V - V ) (| , 

which the reader will establish without difficulty. We deduce that, as X tends 
to — oo, 

-\\\K,(s,t)-T K (s,t)]f(t)dt 

Jo 

converges uniformly to zero in (0, tt). 

Let us now suppose that rj is any positive number less than the least of y, 7r— 8. 
Referring to the equation (15), it is evident that the left-hand member is less than 

p C08h p^-^\ s \fu)\dt, 

smh prr Jo 

for all values of s lying in (y, 8). It follows that (16) converges uniformly to zero in 
(y, 8). In the same manner it may be shown that (18) and the difference between 
the left- and right-hand members of (19) both converge uniformly to zero in this 
interval, for a fixed value of a. # Hence it appears that the difference between 

p f I\ (s, t)f(t) dt and £ P e~ pt f(s-t) dt 

Jo * 2 Jo 

converges uniformly to zero in (y, 8), as X tends to — oo. Finally, since the same may 
be proved of the difference between 

p Tr A (5, t)f(t)dt and £ PV p */(s + «)cfe, 

Js 2 Jo 

we deduce that the difference between 

-X Tk a (s y t)f(t) dt and g [V" [/(*-«) +f( s + t)] dt 

Jo '' 2t Jo 

converges uniformly to ^ero in (y, 8), as X tends to — 00, 

* We assume that a < ?/. 

IJ 2 



148 DE. J. MEECEE: STUEM-LIOUVILLE SEEIES OF NORMAL 

Now we. have 



P 



'a _ ret 



«^[/(*-0V(« + *)]*-/W=|J o e" p( |y(»-*)+/(* + 0--2/ , («)]d«-/(*)e~'" (35); 

and, in virtue of our hypothesis as to the continuity of /(s), # it is easily shown that 
a may be chosen small enough to ensure that 



/(*± «)-/(*) 



2 € 5 



for all values of t in (0, a), and for all values of s in (y, S), the number € being positive 
and arbitrarily assigned. With this choice of a the numerical value of the right-hand 
member of (35) is less than 

where /is the greatest value of |/(s) | in the interval. Hence, since this is less than 
e for all values of p which are greater than a certain positive number, we see that 
the left-hand member of (35) converges uniformly to zero, as X tends to — oo. It 
follows from what was said above that, as X tends to — oo. 



*7T 



-X K x (s, t)f(t)dt 

Jo 

converges uniformly to f(s) in (y, 8). 

§ 17. Using the notation of § 3, we have (vide II., 4) 

-X fX (s, 0/(0 dt - t f\ ^ (5) [>„ (0/(0 dt. 

JO n = lA a -A * o 

It will be observed that the coefficient of 



7T 



Jo 

on the right-hand side of this equation involves the corresponding singular value, and 
that, in consequence, its value depends upon the function q and the constants h\ H 7 . 
The following lemma will enable us to replace the coefficient by another which is 
independent of both the factors mentioned. 

Lemma : — 

IfK> K> ••• K> ••• are in increasing order of magnitude, the difference between 

S r™T l ^( 5 )^(0 and % 7~~^7W~-T x Pn(s)^n(t) . . (36), (37) 

n-1 A n — A n-.i^H—~±j -—A 

converges uniformly to zero, as X tends to — <x> ? for all pairs of values of s and t lying 
in the square O^s^rr, Q^t^rr. 

* To prevent misunderstanding, it may be stated that f(s) is continuous in (y, 8) and in addition 
/(y-0)-/(y), /(8 + 0)=/(S). 
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For, with the hypothesis stated, there exists a finite number v such that 

for all values of n* The ratio of the numerical values of the corresponding terms of 
(36) and (37) thus tends to unity as n is increased indefinitely. It follows that (37) 
is absolutely convergent, 
Again 

For negative values of X the numerical values of the terms of the series on the right 
are less than the corresponding terms of 



v % 

n 

Since we have 



^n (s) *K (t) 



»,i A w -X 



2 | ik (s) ^ («) i £ !>, (*)] 2 + [*» (*)]*, 

it is thus clear that, as X tends to — oo, the left-hand member of (39) will converge 
uniformly to zero, if 

» = i X n — X 

has this property. But 

and therefore steadily diminishes to zero as X tends to — oo . f It follows from Dini's 
theorem that K k (s, s) converges uniformly to zero, for values of s in (0, tt). Hence 
the left-hand member of (39) converges uniformly to zero in the square :£s<7r, 
< t ^ it, and the lemma is established. 

§ 18. From this it appears that the difference between (36) and (37) satisfies the 
requirements of the theorem of L, § 3. Hence the difference between 



* YTTT ^ («) f* ^» (*)/(*) * and t r — -^ -r^(*)r^(0/(<)* • ( 40 ) 

JO ?l ~ 1 (% ~~ 1 j — A Jo 



n ~ 1 A w *— A 



converges to zero, as X tends to — oo, uniformly for values of 5 in (0, it). It follows 
that the results obtained in SS 13, 15, 16, remain true when 



^0 



K K (s 9 t)f(t)dt 



is replaced by (40). We have thus established the theorem :- 



* Vide IV., § 5. 

t "Functions of Positive and Negative Type and their Connection with the Theory of Integral 
Equations," 'Phil. Trans, Koy, Soc., ? A, vol. 209, pp ? 443, 444. 
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Let f(s) be any function which has a Lebesgue integral in the interval (0, tt). Let 
^i( 5 )» V'sC 9 )? • ••> $n( s )> •••> be the complete system of normal functions which, for 

suitable values of /x, satisfy the differential equation 



d?u 

^ir + (? + /*)> = 



and the boundary conditions * 



~ -~h f u = at 6* = 0., -^ 4-H 7 ^ = at s = 7r ; 

(is as 

further, let the arrangement of these functions be such that the corresponding values 
of ix increase ivith n. Then, as X tends to — oc 



? 



"!T 



% — _^_^ b ( 5 ) xf, n (t)f(t)dt (40) 

n~l\n—L)—A Jo 

converges to the bilateral limit of f(s) at each point of the open interval (0, tt) where 
this limit exists as a finite number ; moreover, at a point where the bilateral limit has 
one of the improper values ± oo, it diverges to this value and is non-oscillatory. If 
the set of points at ivhich f(s) is continuous includes a closed interval lying within 



(0, tt), then (40) converges uniformly to f(s) in this interval At the end point , 

(40) converges to %> __A, when this limit exists as a finite number ; further, ivhen 

either of these limits has one of the improper values ± co ? (40) diverges to this value, 
and is non-oscillatory at the corresponding end point. 

As a corollary to this theorem it should be observed that, when 

HmK/(*- *)+/(* + *)] 

t ->■ o 

exists as a finite number at a point of the open interval (0, tt), (40) converges to this 
number (vide § 18). 

The reader will recall that the system of normal functions i//i (s), t// 2 (s)> ••■•> x h{ s )> ••• 
is unaltered when (2) is replaced by 

-y-g + (q + K + fi)u = 

(vide § 3). There is therefore no necessity to suppose that the values of /x referred to 
in the enunciation of the above theorem are all positive. 

§ 19. It will be convenient to state here how far the preceding results remain true 
when the pair of boundary conditions for (a, b) is one of the three a B, b B, b a B, and 
hence that for (0, tt) is one of the three oB', "B', £B', In each case the asymptotic 
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formula for K A (s, t) is of the same character as that obtained in § 7. Thus, when the 
pair of conditions for (0, ",r) is B r ? we have 

K K (s,t) = T,(s,t)(l+^^j t (41) 

where I\ (s 9 t) is the symmetric function of s and t which is such that 

( t) = sinh ps . cosh p (rr-t) {s ^ . 

p cosh prr J 

When the pair of conditions is n B\ the function I\ (s 9 t) in (41) must be replaced 
by V T K (s, t) 9 where T A (s 9 1) is the symmetric function such that 

T A (,, t) = coBh^sinhp^-O , £ t _ # 

p cosh p7T 

Finally, when the pair of boundary conditions is £B', it will be seen that I\ (s, £) 
must be replaced by 3I\ (s, £), where the latter function is symmetric and such that 

p smn pn 

From these formulae it may be deduced that the results obtained in §§13, 16 are 
still applicable. At the end point s = 0, it will be found that the first of the 
inequalities of § 15 is applicable when the boundary condition at this point is 

du 



Tt 



ds 



h'u = 0. 



When the boundary condition is u = 0, we have 

K x (0, *) = (0<*<tt), 

and the inequality is no longer true, save under special circumstances. Corresponding 
remarks apply to the end point s = ir. 

The result obtained in § 17 also requires modification. Using the same notation, 
when the pair of boundary conditions is either B ; , or "B\ the inequality (38) must be 
replaced by 

From this it may be shown that, in both cases, the difference between 

2 r r t/fn '($) *A» 00? .......... (36) 



n =■ 1 A^ — A 

and 



$n 00 $n (0 



* The reader will perceive that this result may at once be deduced from the former one (cf. § 6). 
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converges uniformly to zero, as X tends to — oo, for all pairs of values of s and t 
lying in the square < s < 7r, < t < tt. 

When the pair of boundary conditions is jB', (38) must be replaced by 

hence, in this case, the difference between (36) and 

^ -X 



^n 00 $ n (0 



» = i ?i 2 --X 
converges uniformly to zero. 

The reader will observe that corresponding changes must be made in the enunciation 

of the theorem of § 18. 

§20. Let \jji(s), $ 2 ( s )> •••? $?i( s )> • •• be a complete set of normal functions which 

satisfy the differential equation 

d 2 u 

^5 + (<? + /*) w = °» 

■ ft 

and any one of the pairs of boundary conditions B ; , B ; , ^B 7 , qB ; ; further, let the order 
of these functions be such that the corresponding singular values increase with n. 
Then, if f(s) is any function which has a Lebesgue integral in (0, tt), the terms of 
the series 



*7T 



IT 



("IT 



^i(s) *!>i{t)f(t)dt+xjj 2 (s) xjj 2 (t)f(t)dt+...+^ n (s) xj, n (t)f(t)dt+... . (42) 

JO JO * 

will have a definite order, and the coefficients will each have a meaning. We shall 
refer to (42) as a canonical Sturm- Liouville series corresponding to f(s). 

Let s be any point of the open interval (0, tt). Denoting by U (s) and L (s) the 
upper and lower limits of indeterminacy of the series (42), the general theorem 
of II., S 4, shows that 



*7T 



'7T 



U(s)>: lim -X K k (s 9 t) f(t) dt> lim -X K A (s, t)f(t) dt ^ L (s). 

\ -^ _ a, JO A _^_ __ oa JO 

Also, by the results of §§13, 19 we have 



*7r /*7r 



o) (5) >: lim -X K A (s, t) f(t) dt ^ lim -X K A (s, t) f(t) dt ^ 6> (s). 



X -$>- — go » A ->- ~ 00 



By supposing that oj (5) = o> (s), we obtain the theorem : — - 

I. If U (5) cmcZ L (5) are £/ie upper and lower limits of indeterminacy at the point s 
of one of the canonical Sturm- Liouville series corresponding to f(s), then 

"U (s) zza)(s)^: L (s), 

a£ each point where co(s), the bilateral limit of f(s), exists. 
By supposing that U (s) — L (s), we see that : — 
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II. The sum of a canonical Sturm-Liouville series corresponding to f(s) at any 
point where it converges lies, between the upper and lower bilateral limits of f(s) at 
the point. 

Again, by taking the case in which U (s) = L (s), o)(s) = co (s), and the common 
value is in each case finite, we have 

III. At any point where the bilateral limit of f(s) exists as a finite number, no 
canonical Sturm- Liouville series corresponding to f'(s) can be convergent and have its 
sum different from this bilateral limit. In particular, no canonical Sturm- Liouville 
series corresponding to f(s) can converge and have its sum different from 

Km i[f{s + t)+f(s-t)], 



t-^0 



at a point ivhere this limit exists. 

This theorem may, of course, be regarded as included in I. or II. Another 
particular case which is worthy of remark is that in which U(s) = L (s) = ± go. 
Since we can only have o) (s) = ±00 at a point of infinite discontinuity of f(s), we 
see that 

IV. A canonical Sturm- Liouville series corresponding to f(s) can only diverge to 
+ 00, or to — 00, and be non-oscillatory at a point of infinite discontinuity of f(s). 

Lastly, it is known # that |i|f»(s)| is less than a fixed positive number for all values 
of n and s. From the result of II., S 7, we deduce that 

V. At any point where the bilateral limit of f(s) exists as a finite number, each 
canonical Sturm- Liouville series corresponding to f(s) may be made to converge to 
this limit by the introduction of suitable brackets. 

Different systems of bracketing may have to be employed at the various points of 
(0, 7r), but, in virtue of results obtained later, t it will be seen that, at any particular 
point s, the same system will suffice for each canonical Sturm-Liouville series. 

It will be observed that the above theorems have been stated only for values of 5 
in the open interval (0, tt). After what has been said in §§ 15, 19, there will be no 
difficulty in supplying the results which correspond to I.-V. when s is an end point 
of the interval. It will be found that, if the boundary condition which is satisfied by 
the normal function of the series is not u — 0, all the above results hold good for 
s = 0, provided that we replace <o(s) by/(0 + 0), co(s) by/(0 + 0), and co(s) by/(0-f0 
wherever necessary ; for example, corresponding to I. , we have the inequality 

II (0)^/(0 + 0) 2= L(0), 

when f(s) is such that /(0 + 0) exists. It is unnecessary to consider the case when 

* Of. IV., § 6. 

f It is shown in the following section that, as n tends to 00, the difference between the sums of the 
first n terms of any two canonical Sturm-Liouville series converges to zero at each point of the open 
interval (0, tt). 
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the normal functions of the series satisfy the boundary condition u = at s = 0, for 

we then have 

U (0) = L (0) = 0, 

whatever be the nature of f(s). Similar remarks apply when s has the value 77. 

§21. The theorems of the preceding paragraph apply to Fourier's sine and cosine 
series, since the latter are particular Sturm-Liouville series. It is not difficult to 
extend them to the Fourier's series 



277 



f* 1 • P « IP 

f(t) dt -f - sin s f{t) sin t dt + - cos s f(t) cos t dt 
-7T 77 J -7T 7T J -7T 



■J j*7T "I T7T 

h . . . + - sin ns f(t) sin nt dt + - cos ns f(t) cos nt dt + (43) 

77 J -a-* 77 * -tt' 

corresponding to a function f(s) which has a Lebesgue integral in ( — 77,77), The 
series just written is clearly 



2tt 



rr 1 fff 



[/(*) + /(-*)] *+ £ «n * j U(t)-f(-m sin « <fc 



1 C n 1 f 71 " 

+ ...+ - sinns I fit)— f( ~-t)l sin ntdt + ~ cosns [f{t)+f{ — t)\ cos ^*^+- — 

TT Jo 7T JO 

Let us in the first place suppose that 5 is a point of the open interval (0, tt). It is 
known* that the difference between the sums of the first n terms of Fourier's sine 
and cosine series corresponding to [/($) — /( — $)] converges to zero, as n is increased 
indefinitely. Hence the limits of indeterminacy of (43) are identical with those of 

M\f(t)+f(-t)ldt+^ [ [f(t)-f(-t)]dt+... + lcosns[ [f(t)-f(-t)]cosntdt 

zitJo Lttjo tt Jo 

+ - cos n,s> C/(0 + /('~"0] cos nt dt+ ...; 

77 JO 

and, therefore, in virtue of the fact that the n th term converges to zero as w tends 
to oo, with those of 

IP 2 P 2 P 

- /(£) ^ 4- - cos s f(t) cos t dt + ... + - cos ns /(*) cos ntdt + .... 

77 J 77 J % 77 J ' 

Referring to the first inequality of § 20, we deduce from this that U (s) and L (s), 
the upper and lower limits of indeterminacy of (43), satisfy the inequality 



U (,9) ^ lim -X f I\ (s, t) f(t) dt 2: lim -X f r A ($, *) /(*) eft 2: L (5) ; 



\ ->. „. 00 JO A ->- — % * () 



* Fide IY., §§ 13-15, 



FUNCTIONS IN THE THEORY OF INTEGRAL EQUATIONS. 



155 



which may be written 



U(s) == lim £ [ e-*[f(s-t)+f(8+t)]dt 2: Km g \" e~ pt [f(s-t)+f(s+t)]dt> L(«), (44) 

where a is any positive number (§ 10). It is here supposed that f(s) is defined 
outside (— 7r, 7r) in such a way that it has a Lebesgue integral in any finite interval. 
In what follows we shall secure this by the rule 



as in the theory of Fourier's series. 

Again, when 6* lies in the open interval (— tt, 0), we have s = — |s|, \s 
point of the open interval (0, n). Proceeding as before, we now find that the limits 
of indeterminacy of (43) are identical with those of 



being a 



_1_ 

2tt 



•tt 







LAO +/( - 0] dt - i- T [/(«) ^-/( - 0] eft + ... - 1 cos n 

Z7T Jo 7T 



"IT 



s 



[f(t) -/( - £)] cos n£ c/£ 



-f- - cos n 

IT 



*7T 







[/(0 +/( ~" 01 cos ntdt — ...; 



and hence with those of 



If"" 2 

- f( — t)dt + — cos 

7T Jo 7T 



*7r 



2 



/( — £.) cos 4 cZ^ ■+-... H — cos n 

7T 



6* 



f( — t) COS 7l£ 6^ 4- .... 





It follows that, when s lies in the open interval (— tt, 0), 

U(«) a K^fifV"{/[-(|«|-*)]+/[-(|«| +«)]}* 

p->-oo ^j JO 

£Jimffe-'«{/[-(|«|-0]+/[-(l«l+0]}*aL(«), 

rt ^.<v> ^ J 



whence it appears that (44) is valid for these values of 6'. 

Lastly, at either of the points — tt, 0, it, it is evident that the limits of indeter 
minacy of (43) are identical with those of 



£T *[/(«) +/H)]*+ "COB 

TT Jo 7T 



S 



£[/('•)+/■(-*)]<*»<* 



2 



+ ... + - cos n, s I 

7T 



7T 







i [/(0 + /(-0J cos n * ^' + 



Since 



jo z Jo 



(§15), we at once deduce that (44) is valid when 6'= 0. Kecalling that f(s) is 

X 2 
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periodic, the reader will be able to prove that it is also valid when s has either of the 

Values — 7T, 7T. 

Now, if o) (s) and o) (s) are the upper and lower bilateral limits of f(s) at any 
point s, we have 



2 



a * (*a 



o,(«)£lim g e-"[/(*-«)+/(«+«)]*2=jim g e"" [/(*-«)+/(* + «)]* 2= «(«) 



2 



(§ 14). Further, as it has been shown to hold for all values of s in the closed interval 
(— 7r, 7r), (44) holds for any value of s whatever. We are thus in a position to state 
theorems, analogous to those numbered I.-V. in the preceding paragraph, on the 
behaviour of the Fourier's series (43). For example, corresponding to III., we have 
the theorem 

At any point where the bilateral limit off(s) exists as a finite number, the 
Fourier's series corresponding to f(s), if it converges, has this bilateral limit for its 
sum. In particular, if the series converges at a point where 

limi [/(«-«)+/(* + <)] 

exists, then this limit is its sum. 

We leave the reader to enunciate the other four theorems, merely remarking that 
each of them is valid for unrestricted values of s* 

§ 22. From results which have been obtained above we may deduce theorems 
concerned with the expansion of a function F (x), which has a Lebesgue integral 
in (a, b), as an infinite series of the type 



b 
J a J ci 



*i ( x ) g(y)Vi(y)v (y) d y + ^ 2 (x) g ( y ) v., { y ) f ( y ) d y 



+ ...+V n (x) I g ( y ) %, (ij) F ( y ) cly + . . . , . . . (45)t 
where ty n (x) is the solution of 

£(*£)+<»-'>•=<'• . 

which, for r = r m satisfies one of the pairs of boundary conditions B, JB, 6 B, b a B. It is 
assumed that the functions f n (x) are made definite J by imposing upon them the 
conditions 

rb 

g^nip^jf dx = 1 (n = 1, 2, ...), . . . . . . (46) 



•) a 



* These theorems are, of course, more general than those obtained by the methods of Fejer and 
Lebesgue (vide Hobson, 'The Theory of Functions of a Real Variable,' pp. 707-714). 

t It was explained in § 1 that g is a function of x; we employ g(y) to denote the same function with the 
argument y instead of x. 

% There is an ambiguity of sign which, however, is of no consequence. 
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and that their order of arrangement is that in which r n increases with n. With 
this understanding we shall call (45) a Sturm- Liouville series corresponding to F (x). 
Applying the transformation of § 2, we see that 

f lia (gkY"V n (x), 

when expressed in terms of a - , becomes a function, say xjj n (s), which satisfies the 
equation 



~d? 



+ (q + n)u = 



(2) 



and the pair of boundary conditions B', B\ n B\ qB 7 which corresponds to the pair 
satisfied by ^ n (^) : the appropriate value of /x is evidently r n £~ 2 . Since (46) leads to 



•IT 







bl*n ( S )J ds = 1 (n = 1, 2, ...), 



it is thus evident that \fj x (s), \fj 2 ($), ..., $» ( s )> ... is the complete system of normal 
functions satisfying (2) and these boundary conditions. 
The series (45) becomes 



where f(s) is F (x) expressed as a function of s, and w (s) has the meaning attached 

to it in § 2. 

§ 23. Let T (x) and A (x) be the upper and lower limits of indeterminacy of the 
series (45) at the point x. These numbers are obviously the upper and lower limits 
of indeterminacy of the series (47) at the corresponding point s of (0, ir). From the 
results of II, S 4, we therefore have 



T ( X .)>_L_ Km _x[* K k (s,t)w(t)f{t)dt>-^ Jim ~\| K x (s,t)w(t)f(t)dt>K(x), 



w(s) 



\->- - 00 



w (s) 



\->- — ce 







where K A (s, t) has the signification of § 4. Let us suppose for the moment that x is 
a point of the open interval (a, b). After what was said in §§10, 11, 19, it will be 
clear that 



-\\ W K,(s,t)iv(t)f(t)dt 

Jo 



a 



T^rz^ P r e- pt [w(s-t)f(s-t) + w(s + t)f(s + t]]dL 



Further, 



p\ e~ pt [w(s~t)—iv(s)]f(s-t)dt ^er l d \f(s-t)\dt, 

Jo ' v " " " " J o 



a 



where d is the upper limit of j w f (s) | in (s, s + a). 
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XjL"lXC'i3 



a 



p\ e~ pt w ($-t)f(s~t) dt a-^-^ p W (s) e~ pt f(s-t)dt 

Jo x * 






Since it can be proved in the same way that 



a 



p\ e~ pt id (s + 1) f (s + 1) dt ^- «> . pw (s) e~ pt f{s + t)dt 9 

Jo 'o 



we see that 



tv (s) 



'7T 







K K (s 9 t)w(t)f(t)dt± 



-$>«- QO 



2 



a 




e"" [/(«-*)+/(« + «)] ^. 



that is to say 



•7T 



QO 



— X K K (s,t)f(t)dt. (48). 

Jo 



We have hitherto supposed that s is not one of the end points of (0, tt). When 
this is so, the reader will be able to prove in a similar manner from the formula of 
§§ 15, 19, that the result stated still holds. It follows that, for all values of x 
in (a, 5), 



TV 



'TV 



T(aj)> lim -X K K (s,t)f(t)dtS: lim -X K„(s,t)f(t)dt^iA(x). (49) 

A -9> oo JO ^.^._qd JO 

§ 24. Let us again suppose that x is a point of the open interval (a 9 b). We 
propose to show that the upper and lower bilateral limits of F (x) at x are the same 
as the upper and lower bilateral limits o£f(s) at the corresponding points. For, 
since 

r %x /ff\ 112 

Y(x) =/ £ (f) cite 
it follows that, if Xi (0> X*(0 are ^e functions defined in §§ 11, 12, we have 



2 



{/[*-» («)]+/[«+?&(«)]} = i{F[x-h(y)]+V[x+UM 



* ft 



(50) 



where y = ^ l k l/2 g V H, and the functions ^ (y), S 2 (y) are defined by 



A 1/2 



a:- -My) \a7 



'^ + %(i/)/.y\V2 



X 



I '-j- I CvX, , , , . 101) 



Since the functions g and & are always positive and possess continuous derivatives 
in (a, b), it is evident that these relations define ^ (y) and 5 2 (y) as functions of y 
possessing limited second derivatives in a certain interval (0, Q (£ > 0). Further, we 

s, (o) = z 2 (o) = o, y x (o) = y 2 (o) = i, 

3',(y)>0, S' a (y)>0 (0sy££). 



FUNCTIONS IN THE THEORY OF INTEGRAL EQUATIONS. 159 



Denoting by n(x) and ft (x) the upper and lower bilateral limits of F(#) at the 
point x, and employing the notation of § 13, it follows from (50) that 



co (s) 2: ft (x), ay (s) < ft (x). 

Again, if we commence with any two functions $i (?/), $2(2/) having the properties 
above mentioned, it is easily seen that the relations (51) together with t = £k~ 1/2 g l2 y 
define ^i (t), Xs(0 as functions of t satisfying the requirements laid down in §§ 11, 12. 
We now deduce from (50) the relations 



o) (s) S ft {x)y o)(s) > ft (ff). 
It follows that we must have 



o) (s) = ft (a?), w (s) = ft (#), 
25. From this result, and the inequalities established in § 13, we infer that 



*ir frr 



ft (x) 2: lim -X K* (s 9 t) f(t) dt 2: lim -X \ K K (s, t) f(t) dt 2: ft (x) 9 

at any point of the open interval (a, b). Taken in conjunction with the inequalities 
(49), these at once lead to theorems on the convergence of the general Sturm- 
Liouville series, corresponding exactly to those numbered I.-V. in § 20. We shall 
therefore content ourselves with the enunciation of that corresponding to III. This 
reads as follows : — 

At any point where the bilateral limit of F (x) exists as a finite number \ no Sturm- 
Liouville series corresponding to F (as) can be convergent and have its sum different 
from this bilateral limit. In particular, no Sturm- Liouville series corresponding to 
F (x) can converge and have its sum different from 

limi[F(aj-y)+F(a+y)] 

7/^0 

at a point ivhere this limit exists. 

As regards the end points of (a, 6), we clearly have 



F(a + 0) =/(0 + 0), F(a + ) = /(0 + 0) , 



F(&-0) = /(ir-0), F(6-0) = /(ir-0) . 

Hence, referring to the results of §§ 15, 19, we see that 



■7r rn 



F(a + 0)> lim -X K K (0, t)f(t)dt> lim -X K A (0, t)f(t) dt> F(a+0), 
when the boundary condition at as = a is 

ax 
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and that 



■rr r>it 



F(6-0)> lim -\ K,(7r,t)f(t)dt>: lim -\\ K.jir, t)f(t)dt> F (b-0), 



A ~^~ — oo 



when the boundary condition at x = ?> is 



+ Rv = 0. 

as 



From these inequalities, together with (49), we obtain theorems of the usual kind 
relative to the behaviour of the general Sturm-Liouville series (45) at an end point of 
(a, &). Thus, for example, when F (a + 0) exists as a finite number, and the boundary 
condition satisfied by the functions ^¥ n (x) at x = a is not t> = 0, it will be found that, 
if the Sturm-Liouville series converges at x = a, its sum must be F(« + 0). When 
the boundary condition satisfied by the functions W n (x) at x — a is v = 0, the terms 
of the series all vanish and no discussion of the convergence of the series at this point 
is necessary. Similar remarks apply at the end point x = b. 

§ 26. In conclusion, it should be observed that the theorem enunciated in § 18 may 
be stated in a form applicable to the general Sturm-Liouville series. Let us suppose 
that the functions W n (x) satisfy the pair of boundary conditions B, and, consequently, 
that the normal functions \p n (s) satisfy B'. By employing the transformation of § 2 
{cf § 22), the reader will be able to establish that 

t u ~n* x *» (®) fg (y) %i (y) F (y) d y - ( 52 ) 



is equal to 

x__ r 

w(s) Jo 



K K (s,t)iv(t)f(t)dt (53) 



Recalling the relation (48), it follows from the inequalities of the preceding paragraph 
th^t, as X tends to ■— oo, (52) converges to ft (as) at each point of the open interval 
(a, 6), that at the end point a it converges to F (a + 0), and that at b it converges to 
F (6 — 0) ; it being assumed in each case that the limit mentioned exists as a finite 
number. Moreover, when any one of the limits ft (a?), F(a + 0), F(&— 0) has an 
improper value + oo 5 it is plain that (52) diverges to this value and is non-oscillatory 
at the corresponding point of (a, 6). Again, if the set of points at which F (x) is 
continuous includes an interval (a u b^) lying within (a, ?>), the set of points at which 
w (s)f(s) is continuous includes the corresponding interval of (0, it). It follows at 
once from the theorem of § 16, that (53) converges uniformly to f(s) in the latter 
interval ; and therefore that (52) converges uniformly to F (x) in (a u b x ). 

We have thus established the theorem :— 

Let F (x) be any function which has a Lebesgue integral in the interval (a, b). Let 
^ t (x), ^2 (ft), ... ^(as), ... be the solutions of 



dx\ ax J 
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which, for suitable values of r satisfy the pair of boundary conditions 

~~ — hv = at x = a, — + THv = at x = 6. 

Moreover, let these solutions be made definite by imposing on them the conditions 

g\y n (xffdx =1 (n = 1, 2, ...) ; 



« 



ano£ /e£ £Ae arrangement of them be such that the corresponding values of r increase 
with n. Then, as \ tends to — oo, 

- x Vn(x)\ b g(y)y n (y)F(y)dy -. (52) 



n~i(n-l) 2 -\ 



a 



converges to the bilateral limit ofF (x), at each point of the open interval (a, b) ivhere 
this limit exists as a finite number ; further, at a point where the bilateral limit has 
one of the improper values ± oo, it diverges to this value and is non-oscillatory If 
the set of points at which F fx) is continuous include a closed interval lying ivithin 
(a, b), then (52) converges uniformly to F (x) in this interval. At the end point 

j (52) converges to t? // _n\> when this limit exists as a finite number; further, when 

either of these limits has one of the improper values ± oo, (52) diverges to this value 
and is non-oscillatory at the corresponding end point. 
From this we deduce the corollary that, when 

limi[F(a5-yX+F(aj + y)] 

y-$- 

exists as a finite number at a point of the open interval (a, b), (52) converges to this 
number. 

After what was said in § 25 there will be no difficulty in perceiving how the results 
just stated must be modified when the pair of boundary conditions satisfied by the 
functions ¥ n (x) is a B> b B, or ^B. 

IV.— The Convergence of Sturm-Liquville Series. 

§ 1. In this section it is proposed to investigate the convergence of Sturm-Liouville 
series. It will be recalled that with the notation of III., §§ 2, 3, \}f n (s) is a solution of 

-j~j +(q + n)u = 0, (1) 

which, for /x = X n , satisfies the pair of boundary conditions B', i.e., 

~ -K'u =0at5 = 5 and ~ +Wu = at s = ttv . (2), (3) 

as as 

YOL. CCXL— A f Y 
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Throughout this section we shall assume that the normal functions \jj n (s) have such 
an order that the corresponding singular values X n increase continually with n. 

We proceed, in the first place, to obtain asymptotic formula for \jj n (s) and X n) when 

n is large. Let u be the solution of (1) which satisfies the conditions u — 1 



du 
ds 



ti 



at s = 0, when /x has the positive value r 2 . Since u satisfies the equation 



it is evident that 



D 2 +r 2 



u 



qu 3 



u 



c x cos ts + c 2 sin rs— \J) 2 + i*~\~ l qu 



where c x and c 2 are constants. Proceeding as in III., § 5, we thus see that 

u = c x cos ts + c 2 sin rs— - o^ sin r (s—Si) c£s 1? 

r J 



where q u u x are what q, u become when s x is substituted for s ; and it is easily shown 



that the conditions satisfied by u and -— at s = give c x 

ds 

as the appropriate values of the constants. It follows that 



X « 



_h' 

T 



/*/ If 5 

u — cos tH — sin rs — - I g^ sin r (s—Sx) c^. 

T T JO 



• • (4) 



Denoting by u the upper limit of \u\ in the interval (0, tt), we deduce from this 

the inequality 

/ /*/ 2 \ 1/3 ^ 
fi < 1 + -5- ) + - 



which may be written 



T 







9^ °^l> 



# :< 



ti 2 \ l/2 r 1 r 

1 + -j I 1 - - ?1 ^1 

T / L T J 



-1 



'7T 



It follows that for values of r whose lower limit is greater than | q x \ ds u u is less 

*0 

than a fixed positive number. Using the notation of III., § 6, we deduce from (4) 

the formula , x 

a (r, s) 



U = COS TS + 

The equation (4) may be written 



(5) 



sin rs 



(h f — q x u x cos rs x ds ± j . 
Supplying the value of u given by (5) on the right-hand side, we obtain 



u = cos rs ( 1 + - I O1U1 sin rs x ds ± + 

rJo / r \ 



u 



= cos ts ( 1 H — (^x sin ts x cos ts x ds x + 



a 



T JO 



fo *)' 

o 



+ sin ts 






^i cos 2 tSj c^ j + 



a 



( T > *)' 



• (6) 
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§ 2. The solution u satisfies the boundary condition (2) by its definition. It is 
easily seen from (4) that it will also satisfy the boundary condition (3) if 



tan 7tt 



>/' 



(7) 



where 



q x u x ( cos rs x ^sinT^ ) ds u and P' = q x u x I sin rs 1 + — cos rs x )ds 1 . 



Using the formula (5), we see that 



7T 



a 



(r) 



P = hf + W— q x cos 2 TS x ds x -{- 

Jo 



Hence the equation (7) may be written 

tan 777 = ~(h' + W 



P= - 



7T 

q x sin rs 1 . cos rs x ds x + 



a (7) 



'V \ 

q x cos 2 ts x ds x + 

/ 



«(r) 



It is easily seen from this that the large positive roots of (7) are of the form 



/A'+H'-£ 2l0 os»n* 1< foA ( , 

n \ 7r In 



(8) 



where n is a positive integer. 

It will be clear that a positive integer n may be chosen great enough to ensure that, 
for n>n, the numbers r n are roots of (7) which increase continually with n. Thus, 
since (7) is the condition that there should be solutions of (1) satisfying B', 



22 2 

n ? n + 1 ' ' n " 



are corresponding singular values arranged in increasing order of magnitude. It 
follows that, for values of n which are not less than a certain positive integer, 

w + m? •» . . . . « . . . . \ / 



T n = X 



where m is a positive or negative integer, or zero. The paragraphs which immediately 

follow will be devoted to the determination of m. 

§ 3. Referring to §§ 5, 6 of the previous section, it will be seen that, by using (9) 

and (10) we obtain 

L (s) = 1 + h - tanh P s- I fV cosh ps, sinh p (s-s,) ^ ajp^) _ 

p p Jo cosh p,9 p 



Since 



and 



pJo 
2 cosh /)<<?! sinh p (s — s x ) = sinh ps + sinh p (s — 2s x ), 

f„ sinh p (^-2^) ; _ a (p 9 s) 

yi r — c ^i — ' 5 



we have 



Jo cosh ps 



1 



* (P> s ) . 



£ x (,9) = 1 + - taoh ps ( h!—\ q x ds x ) 4- 

Y 2 
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Hence 



k (s) = cosh ps ( 1 + a { p > 2 s '\ + - sinh ps (h'—% q x ds } 



Supplying this value of 8 k (s) in the formula 

ff x (s) = p sinh ps + hf cosh ps— q x k (s x ) cosh p (s—sj ds x , 
it is easily shown that 



0\ (s) = p sinh ps + cosh ps ( A'— J ^ c^ + 



a (p, $y 






By employing the device of III., § 6, it may be deduced from these results that 



<£ A ( s ) = cosh p (tt-5) fl + ^^.) + I sinh p (tt-s) (h'-J^ ds x 

P" J p \ * s . 



and unai3 



*7T 



<£' x (s) = — p sinh p (7T— s) — cosh p (tt-sM H'— |- j </i^i-f 



<* Qo, a)' 



It follows from these formulae that 



8 (X) = * x («) 0\ (*) -A (*) f * (*) 

^psinhp. + coshp^ 






fir 
(Ji ds x + 
»-0 



a 



(p)\. 



hence 



rtr 



S(X)=i p ^ll + 



fc'+H'-£ g^tfe 



JO 



+ 



a 



(p) 



Again we have 

6^(s) <f>\(s) — cosh ps cosh p (tt— s) ( 1 + 



gjgii)V cosh p (tt-s) sinh ps A, , i f , 

o 2 / V .0 



+ cosh ps sinh p(tt-s) f w __ i r ^ ^ 

P \ .5 

J cosh p7r+|- cosh p(7r— 2s) + ^ P^lh'+IL'—^ 

p \ 

+ iBmh^-2s)/ H/ _^ +i r ^^^.r^u a^p.^coshpscoshpC^ 

O \ Jo J.s / P 



'TT 



. 



STxCfei 



*) 



Since the integrals of the fourth and fifth terms between the limits and tt are 

both of the form 

a (p) cosh prr 



2 



we see from this that 



2 \\ (s) Us) ds = cosh ,,*(*+ £$) + 5E?1£? + «^^(A'+H'-i£ ?1 <**) , 
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which leads to 



*7T 



_ / h'+Bf-i] g 1 ds 1 - , v 
6>(8)M')d» = %*'[l+ k: +± + °^§l 

.0 Z \ P W P P ' 

§ 4. Let D (X) be the determinant of k (s, £), the Green's function of 

~—+qu = 

for the boundary conditions, B 7 . Then, in accordance with Fredholm's theory, we 
have 

J~ [log D (X)] = - f^K A (s, s) ds. 
Recalling that X = — p 2 , we see from the equations (III., 6) that 



/*7T 



7 2/) K (s)4> x (s)ds 

i p* D < x » - -^-s(x5 — ; 

hence, applying the formulae of the preceding paragraph, 

|[io g D ( x)] = . + I + ?Ie). 

Now let A (X) be the determinant of the Green's function of 



ds 
for the boundary conditions 



Llt ± + KU^ (*< 0), . (10) 



— = at 5=0, — = at s = it (11) 

From the result obtained above we see that 

| D „ g A W ] = . + i + «-M. 

Thus we have 

d ( h „ D (X) \ _ a (p) 

If X == — p 2 is any negative number, we obtain from this, by integration, # the 
formula 

D 00 _ P (K) f*j?*. 
A(X) A(X ) ep " 
Since the integral 



p a 



j 



*> p 2 



fe> dp 



tends to a finite limit as p tends to oo, we thus see that, as X tends to — oo, the 
quotient D (X)/A (X) tends to a finite limit which is not zero. 

* The function a (p) is evidently integrable. 
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§ 5. The singular values of k(s, t) (III., § 3) being X 1? \ 2 ? •.., K> •••? we have 



D (x) = n ( i 



which may be written 



» = i 



X 

X„ 



# 



D(X) 



n l - ~ n l - 



n — 1 \ 



X 



2 n 



n> n — n 



n / 



where m has the signification of § 2, and ft is any positive integer greater than 1— m, 
which is such that (9) holds for n > n. Again, the singular values of the Green's 
function of (10), for the boundary conditions (11), are the values of /x for which there 
exist solutions of 

— + (k + ii)u= 

satisfying these boundary conditions ; they are therefore — k, I 2 — k p 2 2 ~ k, ..., n 2 — /c, 

Hence 



A(X) = 
It follows that 



n ( i 



n 



= IT 1 



X 



n l- 



x 



» = i\ (n— If— kJ n = z \ v?—k 



D(\) 
A(X) 



» + m--l / \ 

n i-~ 

n-\ \ X 



n / 



wh 



H ( 1 ^ A-^ 
n = i\ (ft—1) 2 — /cy 



P(X), 



(12) 



ere 



1- 



X 



P (X) = n 



2 



w 



?i = n 



1- 



X 



= n i 



n 2 —K—Tj\ fn 2 — k 



H 



?t = M \ 



n 2 -K-X 



• « 



• (13) 



?£ 



n —k, 



Now from (8) we see that there exists a positive number ^ such that 
for all values of n ~i n. From this it is easily seen that 



nil- T * 



and 



w = n 



\ 



n 



n = n 



n—K—X 



n —k 



T 2 i 

4 n / 



are both convergent. Further, recalling that k is negative, we have 



n ( 1 

n = n 



n —k—t. 



n 



u—k—X 



1 



n ( 1 + 

n — n 



n — k—t 



n 



u 2 —k—X J 



II 1 + -7 



V — K 



n = n 



tf — K — X, 



1. (14) 



* " Functions of Positive and Negative Type and their Connection with the Theory of Integral 
Equations/' ' Phil. Trans. Eoyal Society,' Series A, vol. 209, p. 445. 
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Since the product 

n (1 + ^ 

is convergent, we may choose a positive integer, n u greater than n i which is such 
that 

11 ( 1 "T jr"" 1 ) ''C J- "1 2^^> 

and therefore that 

11 IT " 7" J ^ X T |r€ ? 

W—K — k 



n = n 



for all negative values of X. 

Also it is clear that we may choose a negative number A, whose numerical value is 
so great that 

n = n\ inr — K—kJ 1+fC 
for k < A. Hence, for these values of X, we have 



It follows from (14) that 



11 ( 1 -f" — — ) <C 1 "T" €* 



?* = n 



lim n ( 1 - n \ K ll) = 1; 



00 n = n \ 



and therefore from (13) that, as X tends to — 00, P (X) tends to a finite limit different 
from zero. 

Since P (X) and D (X)/A (X) both tend to finite limits different from zero, as X tends 
to — 00 , it is obvious from (12) that 

n + m—l f \ ' 



n fi- 

lim — — — " n 



X^-oo 



n =3 1 \ A„ / 

n 



n = l\ (n— l) 2 — /*, 

must be finite and different from zero. As this can only be the case when the number 
of factors in the numerator is equal to the number in the denominator, it is evident 
that m = l. # Hence from (9) we have 

As a corollary we deduce from (8) the inequality 

|X n -(^-l) 2 |0 

which was employed in III., § 17. This is primarily true for n greater than n, but, by 
a suitable choice of v, it is evidently valid for all values of n. 

* Previous investigators seem to have overlooked, the fact that the value of m is not obvious. They 
have all tacitly assumed m — 0. 



168 



DR. J, MERGER: STURM-LIOUVILLE SERIES OF NORMAL 



§ 6. It follows from (8) and (15) that the large singular values of K(s,t) may be 
calculated from the asymptotic formula 



'TV 



I M' + H'- I q 1 Goa a ns l ds 1 \ a /v 

v »-n » n \ Tr In? 



We proceed to obtain an asymptotic formula for \jt n+l (s) 9 the normal function 
corresponding to X n+1 . 

Let u n denote the function which u (§1) becomes when r n is substituted for r ; then, 
from the definition of r n , it is clear that u n satisfies the pair of boundary conditions B ; , 
The normal function i/f n+x (s) must therefore be a constant multiple of u n ; hence, since 

[$ n +i ( S )J ds = 1, we must have 



Yn+l \ S ) 



U 



n 



Now, from (6), 



Jo 



• » • » « 



• (16) 



u 



71 



2 ds 



U n ~ QQST n S( 1 + 



T n J 



^SUlT^COST^i' 



d 8l + ^%^ + sin t h s \Uti - \ cos 2 Wl <?*) + ^V^ 



while from (8) we see that 



COS T„S = COS ftS 



n 



M ( 1 + ^ 



sm ns 



•tt 



5 



//i' + H 7 — ji cos2 ns i dsi\ 






a (ft) 



IT 



n 



2 



with an analogous formula for sin r n s. It follows that 



u 



n 



1 C s 

cos ns ( 1 + - 

ft Jo 



7 , a (ft, S') N 

^i sm n^x cos ns x ds x + - ' ; 



ft 



+ sm fts 



1 



6* 



*ir 



a (ft, s)' 



h!—- (h'+W) - q x cos 2 ns l ch\ + ~~ \ q x cos 2 ns 1 ds x + 

ft \ 7T JO 7T J / ^ 



From the formula just written we see that 

(u n — cos ns) 2 = 



a (ft, s) 

______ 



Integrating between the limits and tt, it will be found that this leads to 



._ 



. Jr 



w ra 2 c?s = 2 u n cos ws 






JO 



2 * ft 2 



The function 2u n cos ns is of the form 



rs 



2 cos J ns + - 



ft Jo 



^i sin ns x cos ft$x c^ + - [ft (ft, 5) cos 2ns + ft (ft, s) sin 2ns] + — ±-~~~ < - , 



where A (ft, 5) and ft (ft, s) are functions of ft and 5 whose derivatives with respect to 
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s are both of the form a (ft, s) in (0, tt)> By an application of the rule of integration 
by parts, it is easily seen that 



r a k s) 



cos 2ns ds 



a 



(n) 



n 



IT 



/3 2 (ft, s) sin 2ns ds 



a (71) 



n 



Thus we have 



2 u n cos ns = 7r+ 



1 f 



ds. 



ft Jo 



rs. 



Jo 



J I a ( n ) 

q x sin n«i cos ns x dsi -\ — ^ , 



which, taken in conjunction with (17), leads to 



fir 







2 ft Jo 



JO 



g x sin ns 1 cos ft^ d^ + 



a (ft) 



ft' 



Substituting the positive square root of this value of u n 2 ds> and the value of u n 

JO 

obtained above, in the right-hand member of (16), we eventually obtain the formula^ 



where 



V2[ t\ , A x (ft, s) , a(ft,s)\ . • /A(s) + A 2 (ft, s) , a(ft, sY 

- cos ns ( 1 + ■ v 7 + v n 7 ) + sm fts ( — L - / -~ — v ? 7 H — - v - - - ; 



.(18) 



A (*) = - (ir-s) (h'-jf j q x dsxj -$(lI'-% j ^ cfej 



A x (ft, s) = — ds 2 

277* Jd 



g t sin 2ns x ds u 



and 



*/s 2 



A 2 (ft, s) 



2tt 



•«• 



rs 



s q x cos 2ft6 > 1 dsi—^ir—s) q x cos 2fts 1 ds. 



l ^ 



Putting in evidence the argument of q as in III., § 6, the reader will see that 
i|r n+1 (s) is the normal function which, for ^ = \ n+1 , satisfies the equation 



d 2 u 



+ Q?(tt— s) + il]u = 0, 



and the boundary conditions 

dn 



ds 



Wu = at s = 0, 



ds 



+ 'h'u = at s = 7r. 



It follows that Ai (ft, s) should remain unaltered when we interchange h! and H', and 
at the same time substitute 7r— s for s, g(^—Si) for g (s % ) ; also that A(s), A 2 (ft, s) 
should merely change sign. We have expressed A(s), A 1 (n 9 s) 9 A 2 (ft, s) in forms 
designed to show that they possess these properties. 

*' It should be observed that there is an ambiguity of sign in the determination of each normal 
function (vide III., §3). By substituting the positive value of A/ 1 u n 2 ds in (16) we obtain the 

asymptotic formula for that determination of ^ n+ i(s) which is positive for s = 0. Substituting the 
negative value of the square root in (16) we obtain the formula for the other determination. This would 
have served our purpose just as well as (18). 
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§ 7. The formula (18) is true for all values of n which are greater than, or equal to, 
a certain positive integer, say N. Let G (s, t, n) denote the sum 

2 ( i// OT+1 (s) i// m+1 (£) cos ms cos mt ) ; 

m = N \ 77 j 

then we see from (18) that 

^ z • \ . 2 A / v 1 sin ms cos m£ .2 A ,,v i cos ms sin ?n£ 

G(5, £, n) = - A (s) 2 + - A (£) 2 ■— ~~ 

X J 77 W m=N m 77 m = N m 



o n 

+ - 2 

77 m = N 



Now the sum 



cos ms cos m£ [A t (m, s) + Ai (m, £)] sin ms cos m£A 2 (m, s) 

m m 

cos m^ sin mtA 2 (m, t) a (m, 5, £) 

m m 8 



^ sm mz 

2 — 

m = i m 



is known* to be limited for all values of z and all positive integral values of n ; 
further, as n tends to go, this sum converges uniformly for values of z lying in the 
closed intervals complementary to the set (2m77— ??, 277177 + 77) (m = 0, ±1, ±2, ...), 
where rj is any assigned positive number. It follows at once that the sum 

1 sin ms cos mt 

m = n m 

being equal to 

x 1 sin m(s-\-t) 1 1 sin m(s — £) 

2* ** — : •2" ^ ~~~~ 

m = N m m = N ?7l 

is limited for < 5 < 77, < t < 77, ^ >: N ; and that, as n, tends to 00 , it converges 
uniformly in those parts of the square < s < 77, < £ < 77, which correspond 
to £ — 5 1 ^ 77. It is easily seen that 



1 cos m^ sin mt 

m = N m 



has the same property. 
x\_gain, 



may be written 



where 



v cos ms cos m£ A t (m, s) / iq \ 

m = N m 



"it rs 

ds 2 g (s, t, s l9 n) q x ds l9 (20) 



277 



*3 



/ , \ 5 cos ms cos mt sin 2ms x 

9 («, *, «i, w) = S 



m = N m 

* For a full discussion, see Hobson, ' The Theory of Functions of a Real Variable/ pp. 648-643. 
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Evidently 
9 (<% t 9 s u n) 



1 

4 



v sin m (Zs^s + t) 1 sin m(2sj — #-{-£) 



m = N 



m 



on = N 



m 



+ 



v &*n-'M>(2Si + s- -t) 1 smm(2s l — s — t)\ 

w = n m w. = n m J 



From the remarks made above, it will be seen that g (s, t, s u n) is limited for 

< 5 < 7T, < £ < 7T, < Si < 7T, and %>N; moreover, if 

# (5, £, s t ) = lim (7 (5, t, s l9 n) 9 



n ->- 00 



# (s> £> $i> ft) converges uniformly to "# (5, £, ^) for those values of s 9 t 9 s l9 which satisfy 
the conditions 

s,±±-s±%t\>r), \s 1 ±%s±%t-7r\>:ri 9 



and 



lo 1 



•i 2 



s—jrt + ir S: rj. 



Applying a result obtained in I., § 4, we see that, as n tends to 00, (20) converges 
uniformly for < 5 < ir 9 < £ < 7r ; and hence that (19) converges uniformly for these 
values of s and £. It may be proved in a similar way that 

1 cos ms cos m£ A x (m, £) 



m = N 



m 



converges uniformly for ^ s^ir, 0^^<7r. 
S 8. We have 



1 sin ms cos m£ A 2 (m, s) _ 1 

m 27r 



2 

m = N 



5 A (5, £, s 1? n) q x dSi — fa—s) h (s 9 t 9 s l9 n) q x ds x I (21), 



where 



h (s 9 t 9 s l9 n) = 



1} 4 sinm(2s 1 + s + £) , v sinm(2s 1 + S-— ^) 

4 } 2, h 2/ — '-■ 



~ S sinm(2g 1 — g + ^) i sin m (2^—5— £) 



m = N 



m 



m — N 



m 



>. 



It is easily seen that h (s 9 t 9 s l9 n) 9 like g (s, t 9 s l9 n) 9 satisfies the requirements of the 
theorem of I., § 4 ; and hence, from the remarks made at the end of this paragraph, 
that the left-hand member of (21) converges uniformly for :£ ,9 r£ ir 9 rs t < it. It 
may be shown in a similar way that 



1 cos ms sin mt A 3 (m, t) 



m = 'N 



m 



has the same property. 



z 2 
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Lastly, it is at once evident that, as n tends to oo ? 

a (m, s, t) 



n 

■KrK 



m = N m 2 



converges uniformly for rS s S tt, < £ < 7r. 

As a result of the investigations of this paragraph, we now see that G (s 9 1, n) is 
limited for < s ^ ir, O^t^rr, n^.'N ; and that, as n tends, to oo, it converges 
uniformly in those parts of the square < 5 < tt, :£ £ ^! 7t, which correspond 
to |£— s 1^:17. 

Consider the function 

1 w / 2 \ 

H(s, £, n) = ^i(^) t//i (t) — — + 2 (^+1.(5) i// m+1 (£) — -cosms cos win. 

7T m = 1 \ TT / 

For values of n ^ N, it differs from G (5, /;, n) by 

1 N -*/ 2 \ 

*M*Hi (*)-- + S U« + i(s)^ +1 («)--coswwcos«in. 

7T w = 1 \ TT / 

We conclude that H (5, £, n) is limited for < 5 < 77, < t < tt, 72, >: N . ; and that, 
as n tends to 00, it converges uniformly in those parts of the square < s < tt, 
< £ :< 7r which correspond to \t—s \ 2: 7?. We proceed now to show that, when i^«, 

Km H (5, £, n) = 0. 



n->- oo 



§ 9. The normal functions which satisfy the differential equation 

and the boundary conditions 

-T- = at s = 0, — = at s — tt (11) 



are clearly 

/\/ - , y\/ - cos ,9, /y - cos 2,9, . . . , /\J 



the corresponding values of \l being 

-X, 1 2 -X, 2 2 -X, ..., n 2 -X, ... 
Thus (III., § 3) the Green's function of the equation 



ds 2 ■ ' 



which corresponds to the boundary conditions (11) is 



X7r ».= i n 2 — X ?r 
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dm 

Again the solution of (22) which satisfies the conditions u = 1, -— = 0, at s = is 

cos \/\s ; and the solution which satisfies the conditions u -=> 1, -j- = 0, at 5 = tt is 

cos \/\ (it— s). It follows (c/! Ill,," § 4) that the Green's function of (22) which 
corresponds to the boundary conditions (11) is 

cos \/\s . cos \/k (ir—t) / x _ cos \/kt . cos \/\ (ir—s) , ^ v 

v^X sin \/X7r \/X sin v^W 

Comparing this with the formula obtained in III., § 7, we see that, as X = —p 2 , the 
Green's function is I\ (s 9 1). 
Thus we have 



cos ns cos nt. 



r A (*,*)=-^ + ^ -J--- 

XtT n = in— ATT 

From the lemma of III., § 17, we see that 

-XK X (s 9 t) a^E5 n ^ i T~ifZ\^ n W $* (')> 

^^ ^i ( 5 ) ^i (0+ ^ --T--T -^»+i( 5 ) ^n+i (0- 

n = l n — A 

Hence, using the result obtained above, 



or 



-f S ~2 — rl^n+i^) ^n+i(0 COS ?l$ COS ??£ ). . . (23) 



Now, when s ?± t, the series 

1 / 2 

^i {s) ^i (<) — - + S rf ft+ i(«) t// n+1 (£)-~ — cos ns cos w£ 



7T n = 1 \ 'TT 



has been shown to be convergent (§ 8). It follows by an argument similar to that 
employed in II., §§3, 4, that, as X tends to — oo, the right-hand member of (23) 
converges to the sum of this series, that is to say to 



lim H (s, t, n). 

Further, the left-hand member is 

pl\ (s 9 t) a (p, s, t), 

which, for unequal values of s and t, has been shown to converge to the limit zero, as 
p tends to oo (III., § 8). It follows that 

lim H (s y t, n) = (s ^ £). 



174 DR. J. MERCER: STURM-LIOUVILLE SERIES OF NORMAL 

§10. Let f(s) be any function which possesses a Lebesgue integral in (0, it). 
Recalling the properties of H (s 9 t 9 n) which have been proved in the preceding 
paragraphs, we see from the theorem of I., § 3, that, as n tends to oo ? 

f H (s 9 t 9 n) f(t) dt 

Jo 

converges uniformly to zero for all values of s in (0, ir). Denoting by <r n (s) the sum 
of the first n terms of the series 



*7r fir fir 



^i(«) Mt)f(t) dt + M s )\ ^(t)f{t)dt+...+xjj n (s)\ xjj n (t)f(t)dt+..., . (24) 



JO JO JO 



and by s n (s) the sum of the first n terms of 



*J fir O fn 2 C n 

- f(t)dt+- cob s f(t) cos tdt+...+ - cos(ft-l)s f(t) cos (n-l)tdt+... 9 (25) # 

ffJo , Jo 7T JO 

it follows that, as n tends to oo, 

converges uniformly to zero, for all values of s in (0, tt). 
If D (s) is any limiting point of the set 

we can select an increasing sequence of integers n u n 2i r& 3 , ..., n m , ..., in such a way 
that the sequence 

&n x V^/> &n % \^)y •••> °"»m \^/j '•*? 

tends to the limit D (,9). It follows from the result obtained above that the sequence 

also tends to the limit D (5). We have thus proved that each limiting point of the 
set (26) is also a limiting point of the set 

in particular, the upper and lower limits of indeterminacy of the two series are 
identical. It should be observed that this includes the result that, if either of the 
series (24), (25) is convergent, so also is the other. 
Since 

converges uniformly to zero in the whole of (0, tt), we see that, if either of the series 

* This is, of course, Fourier's cosine series corresponding to f(s). 



FUNCTIONS IN THE THEORY OF INTEGRAL EQUATIONS. 175 

(24), (25) converges uniformly in a certain set of points belonging to the interval 
(0, 7r), so also does the other. 

§11. Let us next suppose that the pair of boundary conditions for the interval 
(0, it) is B'. In this case it may be shown that 



n 



$ 

m — 1 



$ m {s) ^m(0- - ^ n ( m "~2) s sin (m~|) t 

IT 



(27) 



is limited for :< s :< 7r, ^t < 7r, and all positive integral values of n ; and that, 
as n tends to oo , it converges uniformly in those parts of the square < s < 7r, 
r£ £ ^ 7t, which correspond to 1 1— s | 2r 77. It will be found that the normal functions 
which satisfy the differential equation 



d 2 ^ 
ds 2 



+ (X4-/x) t& = 0, 



and the boundary conditions 



are 



u '= at 5=0, — = at ■ 5 = 7r, (28) 

\f - sin |s, /y - sin f 5, . . . , /y - sin (n-J) s, . . . , 



7T T 77 T TT 

the corresponding values of /a being 

(i) 2 -^ (l) 2 -^ -, (n-^Y-K ■■■■ 
The Green's function of 

S +Xtt = 0) < 22 ) 

for the boundary conditions (28), will be found to be I\ (s, t). Hence 

I\ (a, t) = t —-J-— - sin (n- J) « sin (n-£) fc 

« = 1 \/& — 2"j — A 7T 

It follows from this and the result quoted in III., § 19, that 

-X [K A (s 9 1) ~ I\ (s, *)] ^^ 2 r 7\2 x ( ^ ( s ) ** (*) "" ~ sin ( n "i) * sin ( n ~i) * ) • 

n = 1 ^ ft — -eg) — A \ TT / 

Since the results quoted in that paragraph may be shown to lead to 

lim -X [K x (^, £) - I\ (5, *)] = lim p I\ (5, «) a (p, 5, «) = 0, 

we prove from this, by the method employed in § 9, that, for unequal values of s and t 9 
(27) converges to the limit zero, as n. tends to 00. 
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Employing cr n (s) with the signification of the preceding paragraph, and denoting 
by s n (s) the sum of the first n terms of the series 

o f"rr -- o fir 

- sin ^s f(t) sin \t dt + - sin f s f(t) sin f t dt 

77 JO 7T Jo 

+ ... + - sin (n—^)s \ f(t) sin (n«-|-)^^+... ) ♦ (29) 

TT Jo 

we deduce at once that, as n tends to oo ? 

converges uniformly to zero on the whole of (0, tt). The corollaries to this result are 
of the same nature as those stated in § 10, the only difference is that ^(^) replaces 
5 H (s), and (29) the series (25). 

§ 1 2. We shall state the corresponding results when the pair of boundary conditions 
is "B\ or oB', more briefly. In the case of the pair ^B' it will be found that (27) must 

be replaced by 

n I 2 \ 
.% ( \js m (s) \j/ m (t) — - cos (m— J) s cos (m—ijf) t) (30) 

Replacing the boundary conditions (28) by 

du 



= at s = 0, u = at 6* = tt, 



it may be established that 

T A (M)= S ? • — r -cos(w-J)5cos"(w-J)^; 

?i = 1 ( W — 2") — A 7T 

whence, in virtue of the results quoted in III., § 19, it may be shown that (30) 
converges to zero, for unequal values of s and £. # Finally, if %»(<$) is employed to 
denote the sum of the first n terms of the series 

- cos ^s f(t) cos %t dt + - cos 1 5 /($) cos f £ ofe 

7T Jo 7T Jo 

+ ...+ - cos(n— |)6 s \ f(t) cos (n~^)tdt+ ..., . (31) 

TT Jo 

we obtain the result that, as n tends to oo, 

<r n (s)-\ i (s) 

converges uniformly to zero in the interval (0, tt), 

* This may be deduced from the corresponding result obtained in the preceding paragraph. For, if 
\f n (s) is the normal function which, for //- = A, n , satisfies 

and the pair of boundary conditions *B', then, for the same value of /*, $ n (tt - 5) satisfies this equation and 
a pair of boundary conditions of the same type as B'. 
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When the pair of boundary conditions for (0, tt) is jB', (27) must be replaced by 



n 



2 • 



2 ( \jt m (s) \jj m (t) — - sin ms sin mt ) . 



• 9 9 



m — 1 



. (32) 



The Green's function of (22) for the boundary conditions 



will be found to be 



u = at ,9 = 0, u = at .9 



77\ 



5T A («;*)= ^ 



12. 

sin ns sin n£, 



n 



= 1 n —\tt 



from which it is easily proved that, as n tends to oo ? (32) converges to zero for 
unequal values of ,9 and t. We deduce that, if 1% (s) is the sum of the first n terms 
of the series 



-sin ,9 /"(£)sin tdt+ - sin 2,9 /(£) sin 2tdt + ....+ - sin ns\ f(t)amntdt+..., . (33) 

TT Jo' TT Jo' 7T Jo* • 



w 



then, as n tends to oo 



<r n (s) - fcn (*) 



converges uniformly to zero in the interval (0, tt). 

§ 13. We proceed to investigate the behaviour of the differences between the 
various pairs of sums which we have denoted by % (s), s» (s), ff s» (s), and Zs n (s) 9 as n 
tends to oo. The reader will easily prove that these sums are 



fc M-£J> 



" sin j-(2n— l)(s— g) sin |(2?2 -I )(# + £) " 
sin ^(s—t) smJ(s-K) 



dt, 



)% ($) 



*% (s) 



1 



2tt 



•7T 

o 



s„(s) 



2ttJ 

_1_ 

2tt 



/(*) 







7T 



sin n(s — t) sin n («9 + £)" 

sin £ (s — £) sin J ($ + *)_ 

"sin n(s—t) sin n (s + £)" 

sin ^(s — t) sin J (s + £). 



dt. 



dt, 



At) 



" sin j-(2n+l) (s-t) __ sin % (2n+ 1) (s + t) ' 
am %(s—t) sm^(s + t) 



dt 



Let us define a function f x (s) for all values of s by the rules 



/i(* + 2,r) =/!(*) ; 
and a function / 2 (s) by the rules 



S <7T 



)> 



(-7T<.S<0) ; 



/»(*) =/(*) (0S*< TT), =0 (~TT<S< 0), 

* This is, of course, Fourier's sine series corresponding to /($). 
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Let I m (s) denote the value of 

'fit) sin >(* + *) dt, 

o sm|(s + t) 

for integral values of m. It is easily seen that 

T M - T f (A si* H 2w + *)(*+*) r /, 



*> — 7r 



Substituting s + £ = w 9 and then replacing W by t 9 we obtain 

2n + l V^j — ■ I Jl\"~ S ~*~ t ) • i " ^3 

J — (ir—s) SID. Tr6 

which, owing to the periodicity of f x (s), leads to 



hence we have 



2n+i v 5 ; — /i v— s + £J ^T7 ; 

J — rr oJ.Il *> v 



1 ^=r[/ 1 (-^-o+/ 1 (-^o] siii4 jfiT 1) ' ^ 

Jo sin ore 



-2n + 



In a similar way it may be proved that 

M*)=r[/,(-»-*)+/.(-«+«)]^<& • w 

Jo sin 2^f/ 

Let us now suppose that s is a point of an interval (y, 8) lying wholly within (0, tt) ; 
and let a be a positive number less than both y and tt— S. We have 

/i (-«-*)=/i (-«+*) = ° (y^«s8, 0S*Sa). 

Thus 

i^ 1 (. S )=r^(-- s -^) + /'("- s+ ^ sia tiy i) ' ^ 

J a ©111 q ^ 

Since, by a known theorem,^ the right-hand member converges uniformly to zero 
as n tends to oo, it follows that I 2?i -fi(^) converges uniformly to zero in the interval 
(y, §). It may be shown in a similar way, by using (34), that I 2n (s) has the same 
property, 

§ 14. Let l f m (s) be the value of 



[ n f(t) s[n ^ m ( s ^ dt. 
Jo* sin i (s — t) 



* Vide EL § 6. 
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By employing the method of the preceding paragraph, and using the substitution 
t—s = w instead of s + t = w, it may be shown that 

i , fc («)=r[/»(—*)+/.(*+*)]^i!A. 

*> lb 111 "o"t/ 

With the same convention as to the values of 5 and a, it is easily shown that 

/t(«-«) =/.(«-*) =/(«-*) 

(y < « == 8, 0<«<«) 
/1 (* + *)=/»(« + *) =/(* + <)■ 

JLJLfcJiiOfc? 



i'™ (*)-!'*(•) = r [/(«-0 +/(*+0] gSLiJ(^Ltll|=£ggj^ 



sin ^t 



dt 






The first integral on the right-hand side of this equation is 



which may be written 



L v ' J ■ /J cos \t 



a pa 

[/(«-*)+/(«+0] cosw *^* -i - [/(«-*) +/(*+*)]* an i* s i nri *^; 

" Jo 

hence, applying the first corollary of II, § 9, we see that it converges uniformly to 
zero, for values of s in (y, S). Since the two other integrals have this property in 
virtue of the same corollary, we conclude that, as n tends to 00, 

1 2n + l {S) — l 2n \S) 

converges uniformly to zero, for values of s in (y, 8). As a corollary we deduce that 

-I 2n+2 \S)~~l-2n \ S ) 

has the same property. 

§ 15. Eeferring to the formulae of § 13, it is evident that 

Sn ^ = h P' 8 "" 1 ^ + Ia *- 1 ^' o9 » ^ = 2b p* ^ ~ l2n (*fi- 

Hence 

*« («)- S» (s) = ^ (P*-! («)-I*. («)] + l2»-i («) + Ia» («)}• 

2 A 2 



180 
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As each of the three terms within the bracket has been shown to converge uniformly 
to zero in (y, 8), it follows that, as n tends to oo, the difference 

S n \S)— 'o% [S) 

converges uniformly to zero for values of 6' in (y, S). It may be shown in the same 
way that each of the differences 

Sn(s)-*s n (s), %(s)-o%(s)y 
has the same property. 

Since (y, 8) is any interval lying within (0 ? v) 9 it follows that, as n tends to oo ? the 

difference between any two of the sums s» (s), % (s)> *s n (s), 1% (s), converges to zero at 

each point of the open interval (0, tt). It remains to consider the end points of the 

interval. At 8 = we have 



% (0) = i 



1 ff f(f\ sin -g- \2n— 1) t 7, 



7T J 







"** (°) 



1 

w 



'ir 







//jl\ sin ibtf j, 
w t — ~ °^ 



Sill d 6 



and, of course, 



o% (0) = o r S. (0) = 0. 



From the first two formulae we obtain 



^(0)-9„(0) 



I j?/,/.\ sm 76?/ , "" , "~ sin w ( Zifh" mm " i, j £ j, 
7T Jo sinf£ 



1 

7T 



ij*y« 







'ir 



f(t) cos ntdt-V- f(t) tan Ji sin nJ cfe. 

7T JO 



As both f(t) and f(t) tan Ji possess Lebesgue integrals in (0, tt), the integrals on 
the right converge to zero, as n tends to co. # We thus see that 

Mm [^(0)^(0)] = 0, 

11 «$*- 00 



In a similar way it may be shown that 



0, 



lim [ 9 ?i (it) — <; n (w)[ 
whilst 

"Sn'fa") = foi (7r) = 0, 

for all values of n. 

After what was said in the corresponding case dealt with in §10, the reader will 
perceive the bearing of the results of this paragraph upon the convergence of the four 
trigonometric series (25), (29), (31), and (33). 

8 16. The reader is now asked to review the results which have been obtained 
above. It was shown in §§ 10-12 that the limits of indeterminacy of any canoaical 



"3r 



j»jl»* s y. 
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Sturm-Liouville series corresponding to/(s) are identical with those of one of the four 
series 



l\"At)dt 

TT JO 



2 C K 2 

+ -coss f(t)costdt+... + ~ cos^— l)s\ /(£)cos(n— 1) t dt+..-. 9 . (25) 

7T J TT 



- sin |-s / (£) sin ^tdt+- sin f 5 /($) sin § t dt 

TT Jo " 7T Jo 



2 . C" 

+ ... + - sin (n—|-)s I /(«)sin(n— |-)tdJi+'.. t , . (29) 

7T Jo 



2 rrr o rrr 

- cos fs /(*) cos \t dt+ - cos §s /(t) cos f £ dt 

TT w Jo TT 







9 f 71 " 

+ ... + - cos (n—jfii s\ f(t)cos(n—^)tdt+... y . (31) 

it Jo 

- sin s /(£) sin tdt+- sin 2s /($) sin 2£ cfe + . . . + - sin ns f(t) sin nt dt -f . . . , (33) 

7T Jo 7T Jo 7T Jo 

at each point of the closed interval (0, tt). It was then shown in §§ 13-15 that, at 
each point of the open interval (0, tt), each of these four series has the same limits of 
indeterminacy. We have therefore established the following theorem : — 

I. At any point of the open interval (0, tt) each of the canonical Sturm-Liouville 
series corresponding to an assigned function tvhich is integrable in (0, tt) in accordance 
ivith Lebesgue's definition has the same limits of indeterminacy \ 

In particular we have : — 

II. If any one of the canonical Sturm-Liouville series corresponding to the function 
converges at a point of the open interval (0, tt), then all of them converge at this point, 
and all have the same sum. 

It was shown in §§ 10, 12, that, at the end point s = 0, all canonical Sturm-Liouville 
series whose normal functions satisfy B' have the same limits of indeterminacy as 
(25), and that those whose normal functions satisfy 'B' have the same limits of 
indeterminacy as (31) at this point. Then, in § 15, we proved that (25) and (31) 
have the same limits of indeterminacy at s = 0. Since similar remarks apply to the 
end point s = tt, we have the theorem : — 

III. All those canonical Sturm-Liouville series corresponding to the function, tvhose 

s = 
normal functions do not satisfy the boundary condition it = at # _ , have the same 

limits of indeterminacy at ~~ . 

J v s = TT 

In particular, the reader will observe that, if one of the series mentioned converges 
at an end point, all do so. 

Lastly, if the reader will examine the results obtained in §§ 10-15, he will find that 
we have established the theorem :— 

IV. If any one of the canonical Sturm-Liouville series corresponding to the 
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assigned function converges uniformly in a set of points which, together ivith its 
limiting points, is contained within (0, 7r), then all of these series converge uniformly 
in the set. 

The results obtained in §§ 10-13 show that, if any one of the canonical Sturm- 
Liouville series corresponding to the function converges uniformly in any set of points 
of (0, 7r), then all of the series whose normal functions satisfy a pair of boundary 
conditions of the same category (B', oB', ^B', or lB f ) as the first-mentioned series 
converge uniformly in the set. 

§ 17. As usual, let f(s) be any function which has a Lebesgue integral in (0, it). From 
theorem I of the preceding paragraph it appears that, at a point s of the open interval 
(0, 7r), all canonical Sturm-Liouville series corresponding to f(s) have the same 
limits of indeterminacy as Fourier's cosine series corresponding to f\s) ; these limits 
are therefore 

lim s n ($). 

From the results obtained in §§ 13, 14, it is evident that they are 

lim J- f'[/i (*-t)+fi (« + *)] ^M 2n ~ X) l dt* 
Now, if a is any positive number less than tt, we have 

lim f V; (s ± t) TLii^trJll dt = o, 

n -■>- go J a Sill o v 

by the last corollary of II., § 6. It follows that, at a point s of the open interval 
(0, tt), the limits of indeterminacy of the canonical Sturm-Liouville series corresponding 
tof(s) are 

li^ \\fi (*-*)+/i (* + *)] ^M^^dt. 

Recalling that a is arbitrarily small, we have thus established the theorem :— t 

At any particular point of the open interval (0, w) the limits of indeterminacy of 

the canonical Sturm-Liouville series corresponding to an assigned; function depend; 

only upon the values assumed by the function in an arbitrarily small neighbourhood of 

the point. 

Let us next consider the case when s is an end point of (0, 7r), It follows from 

theorem III that the limits of indeterminacy of those canonical Sturm-Liouville 

series whose normal functions do not all vanish at an end point are the values of 



lim s n (s) 



ft.-5*-00 



* Since lim I&i-i ($) = 0. 



n*^*- oo 



f Eor the theorems of this paragraph cf. Hobson's paper cited in the Introduction. Hobson, it will be 
recalled, assumes that q has limited total fluctuation in (0, tt). 
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at this point. It may be proved, from the formula 

Stt (o) = I [7(0 g_ in I ( 2n ~ 1 11 dt, 



7T 

that, at s = 0, these limits are 



2 ! 



Ih^lf7(Q sin H2^-i)^. 

^^^ 7T Jo sinft 



and it will be found that, at s = 7r, they are 



ji^-oo 7r J o sm of 



the numbers a being positive and arbitrarily small in each case. Hence we have the 
theorem : — 

At an end point of (0, n) the limits of indeterminacy of all canonical Sturm- 
Liouville series corresponding to an assigned function, save those ivhose normal 
functions satisfy the boundary condition u = there, depend only upon the values 
assumed by the function in an arbitrarily small neighbourhood to the right, or left, of 
the point, as the case may be. 

Again, from theorem IV, it appears that, if one of the Fourier's series, say the 
cosine series, corresponding to f (s) converges uniformly in an interval (y, S) contained 
within (0, tt), then all canonical Sturm-Liouville series corresponding to f(s) converge 
uniformly in (y, S). It was shown in § 13 that 

2ttJo smf£ 

converges uniformly to zero for values of s in (y, 8), as n increases indefinitely. Since 

both the integrals 

r /. / , a sinA(2n-lU ,, 
fi (s±t) *} 1 '— dt 

J a sin 2*6 

converge uniformly to zero, for these values of s,f and since 

lim ir^HM^,^ ....... (35) 

w^« 7T JO Sin f£ 

* This is clearly — I 2n _i (s). 

t In virtue of the first corollary of II, § 9. 
% This result follows from the fact that 



I 

7T 



7F 



sin \ (2?i - 1) t i, _ 1 f 71- 



and that 



by the last corollary of IL, § 6. 



jjg^iii eft = A r [1+2 2 cos rt}dt=l 
l im I [* 8inH2»-l)f ^ = 0< 

r Ja 
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it Is thus clear that the canonical Sturm-Liouvllle series will all converge uniformly 
to/(s) in (y, S), when 

** in (*-*)+/. («+o-2/(,)] ^Jf~ 1)f dt 

converges uniformly to zero in this interval. We have thus proved the theorem :~-~ 

The answer to the question whether the canonical Sturm-Liouville series corre- 
sponding to an assigned function all converge uniformly, or not, in an interval (y, 8) 
contained ivithin (Q, it) depends only upon the values assumed by the function in an 
interval enclosing (y, S) in its interior, and exceeding it in length by an arbitrarily 
small amount. 

It is evidently a necessary condition for uniform convergence that the function 
should be continuous in (y, S). 

§ 18. After what was said in the preceding paragraph, it will be clear that, 
when Urn %(s) exists as a finite number at a point of the open interval (0 9 ir) 9 all 

the canonical Sturm-Liouville series corresponding to f(s) converge at this point, and 
have the value of this limit for their common sum. We may employ this fact to 
obtain conditions under which .these series converge. 

Let o>(s), the bilateral limit of f(s) at the point s, exist as a finite number. In 
virtue of (35), it is easily seen that 

«. (*)-» (s) BEE f f [/, («-0+/» (s + t)-2» is)] Sin * for 1 * ' dt, . (36) 

ZiTT J bill 2"C 

Let us now suppose that, as /3 diminishes indefinitely, the integral 

J Dill o v 

converges uniformly to zero for positive integral values of n. When any positive 

number e is assigned, we may then choose a in such a way that the numerical value 

of the right-hand member of (36) is less than |e for these values of n. Further, a 

being fixed, a positive integer N may be chosen great enough to ensure that the 

difference between the left- and right-hand members is numerically less than Je, for 

n >: N. Thus we have 

<s n (s)—o){s)\ < e, 

for 2r N ; and therefore 

lim % (s) = a) (s). 



fit **j3**" OO 



We have now established the theorem :- 



At a point s of the open interval (0, ir), where a>(s), the bilateral limit of f(s), 
exists as a finite number, a sufficient condition that all the canonical Sturm-Liouville 
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series corresponding to f(s) may converge, and therefore have co (s) for their common 
sum, is that, as ft diminishes indefinitely, 

f [fi («-*) + /i (s + t)-2a> (,)] Bin *. ( ii 2n 1 7 1)t cfe 
Jo sm -g-c 

should converge uniformly to zero, for positive integral values of n. 

We proceed to verify that this condition is satisfied when f(s) ^ has limited total 

fluctuation in an arbitrarily small neighbourhood (s — a, s + a) of the point s. Since a 

function which has limited total fluctuation is the difference of two monotone 

functions, we may confine ourselves to the case in which f(s) is monotone in the 

neighbourhood. 

Observing that 

2co(s) =f(s-0)+f(s + 0), 

and that, for sufficiently small values of t, f(s±t) may be replaced by f(s±t), it is 
plainly sufficient to show that each of the integrals 



[/( g _rt-/(^_o)l55ii^iJl«^ f' [f(s + t) -/(s + 0)] * m h( 2n - 1 ) t dt 

1 J v ; J v /J sm U J o LJ v 7 ^ v 7 J sm U 



J Dlil p 



converges uniformly to zero, as /? diminishes indefinitely. 
For /3 < a, the first integral is 



■/(-«-/(.-»)]r^^*. 



where, in accordance with the second mean value theorem, ^ /3 X < /3. It will 

therefore have this property, if 

k/3 sin ^f (2n--l) £ j. 
is, sin \t 

is limited, for values of /3 and & in (0, a), and for positive integral values of n. Now 
we have 

—AA — — J_ ~ l + 2 S cos mU 
x 

2 

Hence, by integration, 



Sill. 7)0 m — 1 



* ^Ail n -J)A dt = fi-fr + 2 t 1 S ™J^ -2 X 1 Sin m & 
is, sm f £ m = i m m = i m 



? 



from which it is evident that the left-hand member is limited for the stated values 
of /3, fi l9 and n. As similar remarks apply to the second integral, we have the 
theorem : — # 

If f(s) has limited total fluctuation in an arbitrarily small neighbourhood of a 

* Obtained by Hobson for the case in which q has limited total fluctuation in (0, tt), vide the paper cited 
in the Introduction. The same remark applies to the corresponding theorems of §§ 19, 20. 

YOL, CCXI. — A. 2 B 
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point (s) belonging to the open interval (0, tt), then all the canonical Sturm- Liouville 
series corresponding to f(s) converge, and have the sum -%[f(s — 0) + /(s + 0)], <%t this 
point 

Again, it is easy to see that the above condition is satisfied when 

fi(8-t)+fi(s + t)-2a>(s) 

t 

has a Lebesgue integral with respect to t in an interval (0, a). For, in this case. 

f (s-t ) + f (s + t)-2(Q (s) 

kDAXJL ~6\\j 

also has a Lebesgue integral in the interval, so that 



•j8 







C/i («-«) +/i (* + «) "2» (•)] ^fe 1 ^ * 



smf^ 



•jB 



Jo 



f(s-t)+f(s+t)-2a)(s) 



sin |-£ 



cfe. 



where, by a known property of Lebesgue integrals, the right-hand member tends to 
zero with /?. 

Since f 1 (s±t) may be replaced by f(s±t) for values of a which are sufficiently 
small, we have thus established the theorem : — 

At any point s of the open interval (0, rr), ivhere w (s), the bilateral limit of f(s), 

exists as a finite number, a sufficient condition that all the canonical Sturm- Liouville 

series corresponding to f(s) may converge, and therefore have a) (s) for their common 

sum, is that 

f(s-t)+ f{s + t)^2(^) 

~ t 

should have a Lebesgue integral with respect to t in an interval (0, a). 

In particular we have the following corollary :— 

At any point s of the open interval (0, rr), ivhere f(s — 0) and f(s + 0) exist as finite 
numbers, a sufficient condition that all the canonical Sturm- Liouville series corre- 
sponding to f(s) may converge, and therefore have \ [f(s— 0) + /(s + 0)] for their 
common sum, is that 



f {8 -t)-f(s-0) 
t 



f(s + t)-f(s + 0) 

" t ~ "^ * 






should both possess Lebesgue integrals in an interval (0, a): 

§ 19. Consider next the case in which s has the value zero. It follows from what 
was said in § 17 that, with the exception of those whose normal functions satisfy 
the boundary condition u = at this point, all canonical Sturm-Liouville series 



* For an amplification of these theorems cf. Hobson, ' The Theory of Functions of a Real Variable, 
pp. 680-683. 
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corresponding to f(s) will converge at s = 0, and have lim 9 W (0) for their common 

sum, provided that this limit exists and is finite. 

Let us suppose that /(0 + 0) exists and is finite. Then it is easily seen that 



9ji (0)-/(o + 0) 



n ->- oo — 



TT 



a 



[/(<)-/(o+o)] ^ife ^<fe. 



Dill o t/ 



It follows from this, by a proof similar to that employed above, that the series 
mentioned will all converge to /(0 + 0), if, as fi diminishes indefinitely, the integral 



•18 



JO 






sm f £ 



converges uniformly to zero, for positive integral values of ' n. The reader will be 
able to show that this condition is satisfied when f(s) has limited total fluctuation in 
an arbitrarily small neighbourhood to the right of s — ; and also when 

/( t )-/(0 + ) 



possesses a Lebesgue integral in an interval (0, a). 

As corresponding remarks apply at the end point s = tt, we have the theorems :- 



If f(s) has limited total fluctuation in an arbitrarily small neighbourhood to the 

ri all t Oi <? zzz 

left of — ' then those canonical Sturm- Liouville series corresponding to f(s)> 

ivhose normal functions do not satisfy the boundary condition u = at S ~~ , 

converge and have the sum y) ^J at this point 



If f\ _n\ exists as a finite number, and 



/(0-/(Q+o) 
t 

/(ir-t)-/(ir-0) 
t 



has a Lebesgue 



integral ivith respect to t in an interval (0, a), then those canonical Sturm- Liouville 
series corresponding to f(s), ivhose normal functions do not satisfy the boundary 

condition u = at ~~ , converge and have the sum f) A at this point. 

S — 7T ? J J (tT— 0) ^ 

§ 20. We saw in § 17 that all canonical Sturm-Liouville series corresponding to f (s) 
will converge uniformly in (y, 8), if 



'a 







[/i («-*)+/i («+0-2/(*)] 5*i£?»=il* & 



sm f£ 



converges uniformly to zero in this interval. After what was Said in § 18, the reader 

&} 33 ^y 
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will have no difficulty in showing that a sufficient condition for this is that, as 
/3 diminishes indefinitely, 



[/i («-0+/i (*+0-2/(*)] ^fe 1 ^ rf* 



ollJL o 6 

should converge uniformly to zero, for values of s in (y, 8), and for positive integral 
values of n. 

Let us suppose that the closed interval (y, 8) belongs to the set of points of (0, rf) 
at which/ (s) is continuous. It may be shown that the sufficient condition just stated 
is satisfied when f (s) has limited total fluctuation in an interval (y ; , S ; ) enclosing 
(y, 8) in its interior. In doing so, we may evidently confine ourselves to the case in 
which f(s) is monotone; for, in the most general case, f(s) is the difference of two 
functions, each of which is monotone in (y ; , 8 ; ) ? and has the points of (y, 8) for points 
of continuity. 

For values of/3 which are not greater than a certain positive number /3, we have 



•/3 







sm 0^6 j j8j sin -^-t/ 



sin •?>-£ 



at each point of (y, 8), where, as in § 18, we have < j3 x < /3. The integral on the 
right has been shown to be limited, for values of /3 and & in (0, /3), and for all 
positive integral values of n. Further, as /3 diminishes indefinitely, f(s—/3)—f(s) 
converges uniformly to zero, for values of s in (y, 8) ; this follows from our hypothesis 
as to the continuity of f(s). We conclude, therefore, that the integral on the left 
of (37) converges to zero, as /3 diminishes indefinitely, uniformly for values of s in 
(y, 8), and for positive integral values of n. As the integral 



1/3 r/v . ,\ /./ x~,sin i- (2n—l) t 



di 



may be shown to have the same property, it will be now clear that we have established 
the theorem :— 

If the set of points at which f (s) is continuous includes a closed interval (y, 8) lying 
within (0, tt), and if f(s) has limited total fluctuation in an interval (y', S 7 ) enclosing 
(y, 8) in its interior, then all the canonical Sturm- Liouville series corresponding to 
f(s) converge uniformly in (y, 8). 

Again, let us suppose that, for each value of s in (y, 8), 

/i(*-Q + /i (* + *)- 2/00 

t 

has a Lebesgue integral with respect to t in an interval (0, j3). Then clearly 



J<> v J J x 7 * y w -- sm^ sinl/3Jo 

We at once deduce the theorem : — 



Ms-t)+A(s + t)-2f(s) 

t 



dt. 
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A sufficient condition that all the canonical Sturm- Liouville series corresponding to 
fls) may converge uniformly in an interval (y, 8) lying within (0, 77) is that 

* f(s-t) + f(8 + t)-2f(s) 



t 



dt 



should exist as a Lehesgue integral for each value of s in (y, 8), and that as ft 
diminishes indefinitely, it should converge uniformly to zero in (y, S). In particular, 

it is sufficient that 



•0 





t 



dt, 



f(* + t)-f(s) 
t 



dt 



should both exist, and converge uniformly to zero* 

§21. Let s be a point belonging to any interval (y, 8) which is contained within 
(0, 7r). Let <r n (s) be the sum of the first n terms of any canonical Sturm-Liouville 
series at the point s, and let <s n (s) have the signification of § 10. It follows from the 
results obtained in §§ 10-15 that, as n increases indefinitely, 

On (s) - 5 B (s) 

converges uniformly to zero in (y, 8). Hence, in virtue of the lemma of II., § 10, we 
see that 

(Ti(s) + cr 2 (s) +...+cr w (s) __ 9i(s) + 9 2 (s)+...+g w (s) 

n n 

converges uniformly to zero in this interval. In particular, since (y, 8) is any interval 
contained within (0, it), we see that this difference converges to zero at each point of 
the open interval (0, it). It will be seen from the results of §§ 10-15 that this is also 
true at an end point, provided that the normal functions of the Sturm-Liouville series 
do not all vanish there. 
Now we have (§§ 13, 14) 



1 1 

ATT ■ 77* J 



F(t) 



sin ^ (2n— 1) t 



sin \t 



dt. 



where F (t) = -| [ f ( — s — t) + f( — s + t) + f (s — t) + f (s -f t)]. Hence we obtain 



<Sl {s) + S 2 (s)+..-+ $n(s) = __1_ 

n nu 



IT 



■F (t) (*?*?*)' dt. 



sin |-£ 



* It is well known that, as n increases indefinitely, the integral 

I [A (* - + /i (« + - 2/(«)] ^lir 1 ' * 

converges uniformly to zero for values of s in (y, S), if, as / diminishes indefinitely, 



[f(s-t)+f( S + t)~2f(s)]\ogt 

converges uniformly to zero in an interval containing (y, 8) in its interior (vide Hobson, * The Theory of 
Functions of a Real Variable,' pp. 691-694). This gives another condition for the uniform convergence of 
Sturm-Liouville series. The formal statement of it is left to the reader. 
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Since each of the four functions 

1 f Vi (±s±t) (-^pXdt (0<k<tt) 



n 



j a \ KJi.i-1 o 



Dill ~s7U 



converges uniformly to zero in any finite interval* (II., § 10), we see from this that, 
for any positive value of a less than tt, 

S L M +*,(«) + ... + 9, i*)_i, rWimW^ , .... (38 ) 
n nw Jo \ sm f t J 

converges uniformly to zero in (0, tt), as the positive integer n increases indefinitely. 



Let us suppose that s is a fixed point of the closed interval (0, if) at which F( + 0) 
has a finite value. When any positive number e is assigned, we may then choose a 
small enough to ensure that 

¥(t) <-F(To) + c, 

at all points of (0, a). With this choice of a, we have 



which, since 



i \ a ¥(t)( s ^)\u^[T(To) + e}± f'fe^Y at. 

titt Jo \ sm ft J nir J o \ sm f t ) 



lim 



1 



and e is arbitrarily small, leads to 



' a /sin hi.t\ 2 



o \ sm ft / 



^ dt= It 



1ST «i(«)+*(«)+-:i±g 5 if) s f(^Q). 



The reader will have no difficulty in seeing that this inequality is valid when 



F ( + 0) has one of the improper values ± oo (c/\ III., § 13). It may be proved in the 
same way that 

lim lijfto (*) + ■• -±%ll) > F( + ). 



11 ->- oo 



From these inequalities it is evident that, at any point of (0, it) where F( + 0) 
exists, 

Km Si(s)+g2(s)-K.. + g B (s) 



n -j>- oo 



n 



exists and is equal to it. Moreover, in virtue of our definition of f x (s), J it will be 
seen that at a point of the open interval F( + 0) is lim ir[f(s~t)+f(s + t)~}; that at 
s = it is y(0 + 0) ; and that at 5 = rr it is f(rr—0). 



*->- 



* This seems to have escaped notice hitherto. 

t The simplest method of obtaining this result is to apply Cauchy's theorem to (35) above, 

I g 1 o. 
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Again, let us suppose that the set of points at which f(s) is continuous includes a 
closed interval (y, 8) lying within (0, 7r). Then, supposing a <y and < 77—8, w r e 
have 

F(*) = iC/(«-*)+/(«+0] (0^tS.)(y<»s8). 

It follows from our hypothesis as to the continuity of f(s) that, when any positive 
number € is assigned, we may choose a so small that 

|F(*)-/(*)I<H 
for these values of s and t. Hence, observing that 

1 r /sin -J-^^Y ^ = x 



we obtain 



n7r J V sin \t 



mr 



/M^y *-/w 



2 



< 



^7T 



a \ Sill 'o't' 



3nir 



a /sin -J-nA 2 



\ s 



in M J 



dt. 



The second term on the rigjit is not greater than ^e, and, since 



Km - 



n -^00 



n 



* /sin fnA 2 = Q ^ 

a \ Sill 'o'C / 



we can clearly find a positive integer Nj great enough to ensure that the first is not 
greater than -gre, for all values of n > N 1? and of s in (y, 8). Again, we can choose a 
positive integer N 2 in such a way that the numerical value of the difference (38) is 
less than ^e, for all values of n ^1 N 2> and of 5 in (y, 8). It follows at once that, for 
values of n which are not less than the greatest of N x and N 2 , we have 



si(s)+s 2 ($) + . .. + *„(«) 



n 



/(*) 



< e 



for all values of s in (y, 8). In other words, we have shown that, as n increases 
indefinitely, 

n 

converges uniformly to f(s) for these values of s. 

We may summarise the results obtained in this paragraph in the following 
theorems : — 

The arithmetic mean of the first n partial sums of any canonical Sturm- Liouville 
series corresponding to f(s) converges to lim ijf[/(s — t) + /($ + *)]> as n increases 

indefinitely, at each point of the open interval (0, if) where this limit exists as a finite 
number ; moreover , at a point where this limit has one of the improper values ± 00 , it 
diverges to this value and is non-oscillatory. If the set of points at which f(s) is 
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continuous includes a closed interval lying within (0, tt), then the arithmetic mean 
converges to f{s) uniformly in this interval. 

If the normal functions of a Sturm- Liouville series do not satisfy the boundary 

condition u == at ~ , then, as n increases indefinitely, the arithmetic mean of the 

first n partial sums of the series converges at ~ to K \ _n\? whenever this limit 

exists as a finite number; moreover, when this limit has one of the improper values 
± oo ? the arithmetic mean diverges to this value and is non-oscillatory. 

§ 22. We proceed to apply the foregoing results to the more general Sturm-Liouville 
series 

*i 0*0 [ 9 (y) *i (y) F (y) <fy+*2 (®) f g (y) ^ (y) F (y) dy 



a J a 

rb 



+ ... + ¥„(#) g(y)V n (y)~F(y)dy+ (39) 



a 



We saw above (III., § 22) that the terms of this series are identical with those of 

where s is the point of (0, v) corresponding to the point x of (a, b). 
In connection with the series just written, let us consider the series 



*7T 



*M S ) 4>i(t)f(t)dt + xjj 2 (s)\xj, 2 (t)f(t)dt + ...+xlj n (s) ijt n (t)f(t)dt+.... (41) 



'TT 



* o Jo Jo 



This latter is a canonical Sturm-Liouville series corresponding to f(s) ; and/ (s), it 
will be recalled, is F(o?) expressed as a function of s. We shall refer to (41) as the 
canonical Sturm-Liouville series related to the general Sturm-Liouville series (39). 

Let cr n (s) be the sum of the first n terms of the series (41) ; and let a n (s) be the 
sum of the first n terms of the series (40). We proceed to show that, as n increases 

indefinitely, 

o- n (s)-a n (s) 

converges to zero uniformly in the whole of (0, tt). 

In the first place, let us suppose that the pair of boundary conditions satisfied by 
the functions ^ n (x) is B ; the normal functions \jj n (s) will therefore satisfy B'. By 
the result obtained in § 10, it is known that, as n increases indefinitely, 

converges uniformly to zero in (0, tt); and by the results obtained in §§ 13, 14 (cfi § 21) 

jL/TT J bill igu 
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Thus we see that 

Z7T J sin q- 6 



2' 



converges uniformly to zero in (0, it). 
It may be shown in a similar way that 



^(«)-^-Vxfa( 8 - < ) +fe x( 8+t )+^(-^-0+^(-«+0] sin *- (2w 1 7 1)< ^ 



o sm 4£ 



2' 

has the same property, the function h x (s) being defined for all values of s by the rules 

^ (s) = tv (s)f(s) (0 < s < tt), 

= (~-7T<S<Q), 

^(5 + 2^) = 7/x (4 

It follows at once that, in order to establish the result - stated, it will be sufficient 
to show that, as n increases indefinitely, each of the four integrals 



TT 



K ( ±8 ±t) _^ ^ ±s± ^1 sin j. {2n-Vlt rfg ^ 



w (s) 



sin \t 



converges uniformly to zero in (0, ir\ 

§ 23. The function iv(s) is defined in the interval (0, 7r)only, and, by the hypothesis 
of III., § 1, has a continuous differential coefficient in this interval. Let us define it 
for values of s in ( — 7r, 0) in any manner consistent with the conditions (1) that in 
( — 7r, tt) it shall be always positive, (2) that it shall have a continuous differential 
coefficient in ( — 7r, it), and (3) that w (—ir) = to (ir) 9 w (— tt) = w (tt) ; # then let us 
define it for values of s outside (— 7r, tt) by the rule 

to (s-f 2tt) = to (s) 

The function w (6') defined in this way assumes only positive values, and has a 
differential coefficient which is everywhere continuous. Also, on referring to the 
definitions of the functions f\ (s), h x (s), it will be seen that 

hi (s) = w (s) fi (*), 
for all values of 6\ 

* One method of doing this is as follows : Let Wi (s) be the (possibly, a) rational integral cubic function 
of s whose coefficients are such that wi (0) = w (0), w{ (0) = w' (0), Wi(-7r) = w (tt), w{ (-tt) = w' (tt). 
Since w 1 (-7r) and ^i (0) are both positive, we can clearly choose a number great enough to ensure that 

w 2 (s) = Wi (s) + Cs 2 (?r + s) 2 

is positive in the whole of ( - tt, 0). The conditions (1), (2) and (3) will all be satisfied if we define w (0) 
to be equal to w 2 (s) in ( - ir, 0). 

VOL. OOXI.— A. 2 o 
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Consider now the integral 



'n 



Jo 



It is equal to 



'M^)_ /i(s . H) " 

iv($) J V \ 



am%(2n-l)t dt 



sin \i 



Ctr 







A (* + 






sin \{2n-~ 1) £ 



sin |-£ 



efe; 



and this in turn is equal to 



/i ( 5 + X ( s > s ^ n i (2^— 1) £ cfe, . 



where 



■to (5) sin f £ 



2 m/ (a) 

w (s) 



(43) 



(t = 0). 



Recalling that iv (s) is never zero, it is evident that x ( s > *) w ^l be a continuous 
function of s and £ in the square < s < tt, < £ < 7r, if the function 



lM = !^ = tl , W ((=s0 ), 



X 



is everywhere continuous. The only points at which there can be any doubt as to 
the continuity of X i ( s > are those which lie on t = ; and it is not very difficult to 
see that the function is continuous at these points also. For, when £ ?£ 0, we have 

/ . a / n\ w (s + n + t) — iv (s + rj) -,/v ,/ , , ■/, .v ,/v 

Xi (s + ^ *)""Xi v 5 ' °) = — 1. IJ --~iv(s) = w (s + ri + 0t) — w (s), 

where, by the mean value theorem, O<0<1. Since w f (s) is continuous we see at 
once that 

lim Xl (s + ri,t) = Xi(s>°)> 

which proves that Xl (s, £) is a continuous function of s and £ at points on the line 
t — 0. It is therefore clear that x (5, £) is continuous in the square < 3 < tt, 
< £ < 7r ; and hence, in virtue of the second corollary of II., § 9, that (43) converges 
uniformly to zero in (0, tt), as n increases indefinitely. It follows that 



"7T 







\ (s + 1) 
. w(s) 



A(s + t) 



sin |- (2n— 1) t 



Sill of 



dt 



converges uniformly to zero in (0, tt). 

It may be shown in the same way that each of the other integrals (42) has this 
property. As we have already seen, this is sufficient to establish that 



a n (s)--cr n (s) 



converges uniformly to gero in (0, 7r). 
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Hitherto it has been assumed that the functions ty n (x) satisfy the pair of boundary 
conditions B. By using the results of §§11, 12, and following the line of proof 
indicated above, it will be found that the final result is unaffected when the pair of 
boundary conditions happens to be either a B, 6 B, or «B. Hence, as ~cr n (s) is the sum 
of the first n terms of the series (39), we have the theorem : — 

The limits of indeterminacy of a Sturm- Liouville series at any point are the same 
as the limits of indeterminacy of the canonical Sturm- Lionville series related to it at 
the corresponding point of (0, it). Further, if the former series converges uniformly 
in any set of points, the canonical series related to it converges uniformly in the 
corresponding set of points of (0, tt). 

§ 24. The theorem of the preceding paragraph enables us to translate the theorems 
of SS 17-21 into theorems on the convergence of the Sturm- Liouville series 

*i (») [ q (y) *i (y) F (y) d y + % ( x ) f ' g (y) *,(?) f (?) dy 

<J a J a 

+ ... + V n (x)\ g(y)V„(y)F(y)dy+ (39) 



a 



As a preliminary we recall that, if s is the point of (0, tt) which corresponds to 
x of (a, 6), 

* = * [ (f J dx - 

It follows that the point s-t of (0, tt) corresponds to x—y, where, replacing t by y 
for convenience of notation, y x is the function of x and y defined by 

V = f f (f ) dx ; 

further, the point s + t of (0, tt) corresponds to the point x+y 2y where 

The functions y u y 2 evidently have positive values for positive values of y, and tend 
to zero with y. 

Eeferring now to the results of § 17, it will be evident that the limits of 
indeterminacy of the series (41), at a point of the open interval (0, tt), are 

IbT i f[/(«-o+/(*+0] s iHii^=i)J dt, 

for values of a which are sufficiently small. Since f(s) is F (x) expressed as a 

2 c 2 
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function of s, it follows that the limits of indeterminacy of (39) at the corresponding 
point of (a, b) are 

n ^ rf , £tt . o sin ^-y 



Hence the theorem : 



At any particular point of the open interval (a, b) the limits of indeterminacy of the 

Sturm- Liouville series (39) depend only upon the values assumed by F (x) and ~ in an 

arbitrarily small neighbourhood of the point. 

In a similar way it may be shown that : — 

At an end-point of (0, it), where the functions ^ n (x) do not satisfy the boundary 
condition v = 0, the limits of indeterminacy of the Sturrn-Liouville series (39) depend 

only upon the values assumed by F (x) and ^ in an arbitrarily small* neighbourhood to 

the rights or left, of the point, as the case may be. 

The statement of the theorem which corresponds to the third of § 17 is left to the 
reader. 

§ 25. When F (x) is of limited total fluctuation in an interval of (a, b), the function 
f(s) is of limited total fluctuation in the corresponding interval of (0, rr) ; also, if x is 
any point of the former interval, and s is the corresponding point of the latter, we 

F(s-O) =/(s-0), F(a + 0) =/(s + 0). 

It follows at once, from the second theorem of § 18, that : — - 

If F (x) has limited total fluctuation in an arbitrarily small neighbourhood of a 
point x belonging to the open interval (a, b), the Sturm- Liouville series (39) converges, 
and has the sum \ [F (^—0) + F (x + 0)] at this point. 

Again, we see from III., § 24, that when O (x) exists, iv (s) exists and is equal to it. 
Hence, from the third theorem of § 18, we see that : — 

At any point x of the open interval (a, b), where O (x), the bilateral limit of F (x), 
exists as a finite number, a sufficient condition that the Sturm- Liouville series (39) 
may converge, and therefore have £1 (x) for its sum, is that 

F (x-y^ + F (x+y 2 )-21l(x) 

y 

should, have a Lebesgue integral with respect to y in an interval (0, a). 

The corollary to this theorem which corresponds to that of § 18 is of interest, since 
it may be stated without the intervention of the functions y x and y 2 . It will be found 
to read as follows : — 

At any point x of the open interval (a, b), where F(x-~0) and F(.r-f0) exist as 
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finite numbers, a sufficient condition that the Sturm- Liouville series (39) may converge, 
and therefore have \ [F (x— 0) + F (x + 0)~\for its sum, is that 



F(x-y)~-F(x-0) 



y 



F(x+y)-F(x + Q) 

y 



should both have Lebesgue integrals with respect to y in an interval (0, a). 

There is no necessity to give the analogues of the theorems of §§ 19, 20, for their 
statement can present no difficulty. The reader should observe, however, that, 
corresponding to the particular case mentioned in the enunciation of the last theorem 
of § 20, we have a criterion of uniform convergence which does not involve the functions 
y x and y 2 . It is, as follows : — 

A sufficient condition that the Sturm- Liouville series (39) may converge uniformly 
in an interval (a x , b x ) lying within (a, b) is that 



JO 



F(a-y)-F(a?) 

y 



dy, 



'IB 

JO 



F(a + y)-F(a) 



y 



dy 



should exist as Lebesgue integrals, for each value of x in (a u b x ), and that, as /3 
diminishes indefinitely, both should converge uniformly to zero in (a u &,). 
§ 26. We saw in § 23 that the difference 

<r n (s)-o : n (s) 

converges uniformly to zero in the whole of (0, ir). From the lemma of II. , § 10, it 
follows that the difference between the arithmetic mean of the first n partial sums of 
the series 



Us) 



*7T 



M*)[\ 



<M*)f*. 



w (,)j.*W w (*)/W* + ^J>W w (0/W*+-"+^J o *.(0«'(0/(*)*+... W 

and the arithmetic mean of the first n partial sums of 

<M«) f" & (0/(0 dt + fo(s) f ^(*)/(0 dt+... ++»(*) f i>n(t)f(t)dt+... . (41) 

- ' * ■ Jo 

converges uniformly to zero, as n increases indefinitely. 

Eecalling that the terms of (40) are equal to the corresponding terms of 

*i ( x ) f 9 (y) *i (y) F (y ) dy + ^ 2 (x) f g (y) % (y) F (y) dy 

J a J a 

+ ...+V n (x)\ g{y)V n (y)F(y)dy+..., . (39) 



and applying results proved above (§21) in regard to the convergence of the 
arithmetic mean of the first n partial sums of (41), we obtain the theorems :-— 

The arithmetic mean of the first n partial sums of the Sturm- Liouville series (39) 
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converges to Km ^[F(x— y x ) + F (x+y 2 )~\, as n increases indefinitely, at each point of 

the open interval (a, b) where this limit exists as a finite number ; moreover, at a 
point where this limit has one of the improper values ± co ? it diverges to this value 
and is non-oscillatory. If the set of points at tvhich F (x) is continuous includes a 
closed interval lying ivithin [a, b), then the arithmetic mean converges to F (x) 
uniformly in this interval. 

If the functions *P W (x) do not satisfy the boundary condition v = at ~ h , then, 

as n increases indefinitely, the arithmetic mean of the first n partial sums of the 

Sturm- Liouville series (39) converges at ^ , to ^ \, / , ivhenever this limit exists 

as a finite number; moreover, when this limit has one of the improper values ± a> ? 
the arithmetic mean diverges to this value and is non-oscillatory. 



